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Abstract 

The Limit of Strength and Toughness in Steel 

by  

Zhen Guo 

Doctor of Philosophy in Materials Science and Engineering 

University of California, Berkeley 

 

Professor John Williams Morris, Jr., Chair 

 

The ideal structural steel combines high strength with high fracture toughness. This 

dissertation discusses the governing principles of strength and toughness, along with the 

approaches that can be used to improve these properties and the inherent limits to how 

strong and tough a steel can be.  

 

Chapter I provides the background on fracture mechanics and describes the factors that 

affect cleavage fracture from atomic, microstructural and macroscopic levels. From such 

considerations, the inherent resistance to cleavage fracture is apparent.  

 

Chapter II discusses the ideal fracture strength and the critical fracture strength in high 

strength steels. Recent ab intio computations predict an ideal cleavage strength of Fe near 

14 GPa on {100} planes, indicating that the normal fracture mode of high strength steel, 
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characterized by a yield strength greater than about 4 GPa is brittle. A preliminary study 

of the effect of alloying with Ni shows a trend of decreasing brittle behavior with 

increasing Ni content. More sophisticated methods to study this effect are proposed. 

 

Chapter III examines the practical methods for achieving properties that approach the 

limits of strength and toughness of steel. The discussion focuses on grain refinement 

through thermal treatments in lath martensitic steels. The objective is to limit the 

crystallographic coherence length for transgranular cleavage propagation. A new method 

is presented for directly disrupting the crystallographic orientation alignment within a 

martensitic packet, and thereby achieving submicron effective grain size. This has been 

accomplished in AerMet 100 and 9Ni steel by an alternate “intercritical annealing” (L) 

and “reversion” (Q) treatment. An “L” treatment creates a dual-phase microstructure 

containing fine parallel laths with different alloy contents. Subsequent austenite reversion 

(“Q” treatment) leads to a two-step martensitic transformation during cooling, disrupting 

the laths within a packet and generating a large misorientation between the adjacent laths.  

 

Chapter IV explains why this grain refinement can be accomplished, as described by 

martensitic transformation theory. It is shown that all KS and NW relationships can be 

divided into three Bain variant groups based on their transformation strain matrix. Only 

the variants from different Bain groups will have a large angle of misorientation. 

Furthermore, multiple variants from different Bain groups might appear if the geometric 

constraint prevents the relaxation of transformation strain.  
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Chapter I. General Introduction 

 

The mechanical consideration that most often governs the initial selection of a structural 

alloy for engineering application is the combination of its strength (the ability to resist 

failure by plastic deformation) and toughness (the resistance to failure by crack 

propagation). However, strength and toughness typically have an inverse relation to each 

other; an increase in strength at a given temperature will generally leads to less plastic 

deformation, which relaxes the stress concentration around internal defects, and thus 

almost inevitably decreases the fracture toughness. This trade-off between strength and 

toughness is a recurring theme in the metallurgy of metals and alloys, especially in the 

field of high and ultrahigh strength steels. [1,2,3]  

 

Recent studies in the field of steel research have been focused on how to push the limit of 

strength and toughness of high strength and ultrahigh strength steel. The steels that are of 

our interest here include high strength alloys, such as HY130, HY180, 6Ni and 9Ni steel, 

ultrahigh strength low-alloy steel, such as AISI 4340 and 300M, secondary hardening 

steels, such as AF 1410 and AerMet 100, and maraging steels such as 18Ni 250-350 

grades. [4,5,6] Typical compositions of these steels are summarized in Table 1-1 and are 

taken from various sources. Common to all of these steels is: 1) they contain the alloying 

element Ni with concentrations ranging from 1% to 18%; and 2) they can be processed to 

have a lath martensitic structure and are usually used in this condition. The combinations 

of toughness and yield strength of these steels are shown in Fig. 1-1.  
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Table 1-1 Compositions of typical high and ultrahigh strength steels 

Steel C Ni Mn Co Cr Mo V Si 

5.5 Ni Steel 0.06 5.86 1.21 -- 0.69 0.20 -- 0.20 

HY 130 0.08 5.11 0.84 -- 0.59 0.59 0.08 0.03 

HY 180 0.1 10 0.15 8 2 1 -- -- 

250 Maraging 0.03 18 -- 8 -- 4.8 -- -- 

300 M 0.42 1.8 0.7 -- 0.85 0.4 0.1 1.6 

4340 0.4 1.8 0.7 -- 0.85 0.25 -- 0.2 

AF1410 0.16 10 -- 14 2 1 -- -- 

AerMet 100 0.22 10.9 0.05 13.7 3.0 1.1 -- 0.01 

“high Cr” 0.21 1 0.01 15 12.6 2 -- 0.5 

 

 

Fig. 1-1 Mechanical properties of typical high and ultrahigh strength steels 
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1.1 Fracture mode of steels 

 

In general, materials fail in one of three ways: 1) ductile fracture at high temperature or 

low stress, 2) transgranular cleavage and 3) intergranular separation at low temperature or 

high stress. The toughness of a high strength steel is determined, at least to first order 

approximation, by the fracture mode of failure. [7,8]  

 

At room temperature, ferritic steels ordinarily fail in a ductile mode as a result of the 

nucleation, growth and coalescence of microscopic voids that initiate at inclusions and 

second phase particles (Fig. 1-2 (a)). The materials at the tip of the microvoids or other 

internal fatal flaws must yield plastically to relieve the applied stress before the normal 

stress reaches the value that is required to drive brittle fracture. As temperature decreases 

or as the applied stress or strain rate increases, the tendency towards brittle fracture may 

appear in one of the two modes: transgranular fracture along a certain crystallographic 

cleavage planes or intergranular separation along grain boundaries, whichever is easier. 

These modes are schematically shown in Fig. 1-2 (b) and (c), respectively.  

   

  (a) Ductile fracture   (b) Transgranular cleavage     (c) Intergranular separation 

Fig. 1-2 Three typical failure modes of high and ultrahigh strength steels [7] 
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In high strength lath martensitic steels, the intergranular path is along the prior austenite 

grain boundaries. With the single exception of some high-manganese steels, intergranular 

fracture occurs due to the accumulation of embrittling species or precipitates along the 

grain boundaries. This behavior can be overcome by a combination of optimal melting 

practices used to minimize deleterious species, delicate composition control to “getter” 

residual impurities into relatively innocuous precipitates, and use of careful heat 

treatments to minimize the segregation at grain boundaries. Even in the case of high-Mn 

steels, where the weakness of grain boundaries seems to be an intrinsic property, 

intergranular fracture can be suppressed by adding a bit of Boron as a “grain boundary 

glue”. [9,10] As a consequence, the maximum attainable toughness of a high strength steel 

at low temperature is determined by its resistance to transgranular cleavage. 

 

Since high strength steels fail in a ductile mode at high temperature and in a brittle 

transgranular cleavage mode at low temperature, they undergo through a ductile – brittle 

transition with decreasing temperature as shown in Fig. 1-3 (a). The qualitative source of 

the ductile – brittle transition is the competition between the yield strength, σy, which 

controls the extent of plastic deformation, and the brittle fracture strength σF, which 

controls the nucleation and propagation of the crack along its cleavage plane. This is 

illustrated in Fig. 1-3 (b). [11,12,13] It is generally recognized that the yield strength will 

decrease as temperature increases whereas the fracture strength will remain almost 

unchanged with temperature. Thus, at temperatures above the ductile – brittle transition 

temperature (DBTT or TB), as the applied stress increases towards failure, the stress at the 

tip of a pre-existing crack reaches yield strength before the brittle fracture strength is 
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reached. Hence, extensive plastic deformation at the crack tip will relax the local stress 

and promote the ductile fracture, resulting in a high toughness value. On the other hand, 

at temperatures lower than T1, the stress level will reach fracture strength before any 

significant plastic deformation, leading to a brittle fracture mode and a very low 

toughness value.  

Tl TB 

σF 

σy 

U.T.S. 

Temperature Tu 

       (a)            (b) 

Fig. 1-3 (a) Typical ductile – brittle transition in high and ultrahigh strength steels [11] and 

(b) a schematic drawing of Yoffee Diagram as an explanation of DBTT 

 

It should be noted that the DBTT is strongly dependent on the testing methods used to 

evaluate it, due to variations in geometry, constraint, strain rate, etc.. For example, 

uniaxial tensile tests will produce a lower DBTT than notch bar tests, such as charpy and 

KIC tests. [14] Ritchie et. al. also pointed out that even in the case of two notched 

specimens (e.g. a JIC and a Charpy, specimen), the DBTT might still be different due to 

different notch radii at the crack tip, and thus, different active volume involved during the 

fracture. [15] Furthermore, even for the same type of JIC tests, the measured DBTT could 

also be different because of the effect of specimen thickness, and thus different constrain 
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conditions. [16] Therefore, DBTT is not an intrinsic material property and it is necessary to 

specify the testing method when the DBTT is stated.  

 

In order for a high strength steel to have a high toughness value, the fracture must be 

ductile; the brittle transgranular crack propagation along cleavage plane must be made 

difficult. Therefore, the main topic of this dissertation is to increase the resistance to 

brittle cleavage fracture and thus ensure a ductile fracture mode for high strength steel. 

Once a ductile fracture mode is ensured, the achievement of high toughness involves the 

control of void nucleation, growth and coalescence, a subject beyond the scope of the 

present research.  
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1.2 Transgranular Cleavage Fracture 

 

Transgranular cleavage fracture can be defined as the rapid propagation of a crack along 

a particular crystallographic plane. [7] The preferred cleavage planes are those with high 

packing density, low surface energy or lower nominal strength for separation. In the case 

of high strength ferritic steel with BCC structure, cleavage normally occurs on {100} 

planes. [17] The propagating crack changes direction everytime it crosses a grain boundary 

as it seeks the most favorable cleavage plane associated with the orientation of the grain 

and orientation of the external stress field ahead of the crack tip. It is important to include 

both macroscopic and microscopic consideration of cleavage fracture. 

 

Macroscopically, cleavage fracture ordinarily happens when the local crack-opening 

stress exceeds the fracture strength σf across a dimension greater than a characterized 

critical length d. [18] Fig. 1-3 (b) clearly illustrates the criterion that the stress exceeds the 

fracture strength. However, the consideration of a critical length is less obvious, but is 

just as necessary of a condition. It is well knows that the maximum stress in front of a 

macroscopic crack occurs ahead of the crack tip, and is notably a constant value in a 

small scale yielding approximation; the maximum stress is only a function of the yield 

strength of the materials, and is approximately 3 to 4 times the yield strength. However, 

the distance from the crack tip to the location where this maximum stress occurs 

increases with increasing materials toughness. [19] It follows that if exceeding the critical 

fracture stress were a sufficient condition for cleavage fracture, any materials 

characterized by σf < 3-4 σy would fail upon the application of an infinitesimal load. 
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Since this is not observed in practice, it is concluded that the stress criterion is a 

necessary but not a sufficient condition. From purely dimension consideration, the 

emergence of a length criterion is natural since the unit of fracture toughness involve both 

strength and length. This is observed in the stress intensity factor KIC (MPa*√m) for the 

linear elastic case as well as in the J integral (MPa*m) for elastic-plastic fracture 

mechanics. However the physical basis of the length criterion is established through 

microstructure considerations. 

 

Microscopically, a cleavage fracture is rate-controlled by one of two events occurring in 

series: cleavage initiation around some local discontinuities in microstructure and 

transgranular cleavage propagation along preferred planes, whichever is more difficult. In 

both events, stress and length criteria are necessary.  

 

It is generally recognized that cleavage will initiate around a local discontinuity, such as 

inclusions or second phase particles, ahead of a macroscopic crack when the local stress 

ahead of the crack tip exceeds the fracture strength. For a penny-shaped crack around a 

spherical particle, the fracture strength is  

2/12 ])1(2[ pcff dEG νπσ −=    (1-1) 

where dp is the particle diameter. [20] It is clear from Eqn. 1-1 that large particles 

corresponds to a low fracture strength such that crack initiation is easy. Thus, for a given 

remote stress, there exists a critical particle size beyond which cleavage is initiated. Since 

fracture occurs according to the weakest link mechanism, initiation of cleavage fracture 

will depend on the volume over which the stress is applied, since there exists a 
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distribution of particle sizes. Therefore, both stress and length criteria are necessary for 

cleavage initiation. 

 

After cleavage is nucleated at grain boundary particles or inclusions, it propagates along 

the most favorable {100} cleavage plane in ferritic steels. Since crack propagation 

involves breaking bonds, the local stress must also be sufficient to exceed the bond 

strength. This is the stress criterion for cleavage propagation. However, the stress 

criterion is, again, necessary but not sufficient. Ritchie, Knott and Rice (RKR) stated that 

in order for a cleavage crack to propagate, the local tensile opening stress (σyy) directly 

ahead of the crack must exceed a local fracture strength (σf) over a microstructurally 

significant characteristic distance. [18] They found that the characteristic distance in 

ferrite/carbide microstructures is on the order of the spacing of the voids initiated around 

grain boundary carbides, typically about two grain diameters (2dg). They argued that if 

the fracture initiates around a grain boundary carbide, and propagates into a ferrite grain, 

then the stress must be sufficient to propagate the cleavage across the opposite grain 

boundary and into the next grain. Thus it is concluded that σyy must exceed σf over 1 to 2 

grain diameters.  

 

In summary, both stress and length criteria are essential to brittle transgranular cleavage 

fracture, for both nucleation and propagation processes. Therefore, in order to make the 

brittle fracture difficult in high strength steel, we have to take both fracture strength and 

characteristic length into account. In the following section, we discuss what affects brittle 

fracture, along with our approach to achieve high toughness in high strength steels. 
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1.3 General Considerations and Approaches 

 

Before we discuss the practical approaches to improve the toughness of high strength 

steels, it is necessary to consider and clarify the factors that affect brittle fracture at three 

different dimension scales: atomic, microstructural and macroscopic level. 

 

As shown in Fig. 1-4 (a), it is well accepted that the fracture strength of transgranular 

cleavage is ultimately determined by events occurring on the atomic scale, since both 

initiation and propagation of a cleavage crack eventually involves breaking bonds. 

Although numerous models have been proposed to discuss the atomic aspects of brittle 

fracture, they all generally agree that the ideal fracture strength (σF) is controlled by the 

interaction between the electron potentials of neighboring atoms. [21,22] Thus, both crystal 

lattice symmetry and alloying chemistry are very important to the ideal fracture strength. 

[23,24] It should be noted that the ideal fracture strength (σF) discussed here is in general 

not equivalent to the local fracture strength (σf) given by Equation 1-1. While the former 

is essentially the cohesive strength of a material as determined by the chemical bonds 

between neighboring atoms, the latter is not an intrinsic property of material, but is a 

microstructural parameter that depends upon the chemical composition and the processes 

history. The differences and relationship between the ideal and apparent fracture strength, 

and their effect on the DBTT will be discussed in detail in the Chapter II. 

 

The characterized length criterion is fully determined on a microstructural level, as 

illustrated in Fig. 1-4 (b). For example, in the case of cleavage nucleation,  the 
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characteristic length is necessary because the system has to sample enough volume to 

find the particle with critical size around which the cleavage will be initiated. Hence, the 

characteristic length is determined by the distribution of geometric and size of second 

phase particles, such as grain boundary carbides, inclusions. For cleavage propagation, as 

proposed by RKR model, [18] the characteristic length is about 1~2 grain diameters, also a 

microstructural dimensions.  

 
 
 
 
 
 
 
 

(a) Atomic Level -- Ideal Fracture Strength 

 
 
 
 
 
 
 

Microscopic Level  
Grain Structure 
Dislocation Structure 
Particles and Inclusions 

 
(b) Microscopic Level – Apparent Fracture Strength and Critical Length 

 
 
 
 
 
 
 
 
 

F

tr
Macroscopic Level 
 Sample Size and Geometry 
 Testing Methods 
 Crack Size and Tip Radius 
Atomic Level 
Alloying Chemistry 
Crystal Symmetry 
Electron Potential 
 (c) Macroscopic level -- Stress Distribution ahead of the Crack Tip 

ig. 1-4 Schematic illustrations of factors in different levels that affect brittle 

ansgranular fracture behavior of materials. 
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It is noted that there are important interactions between atomic and microstructural 

scales. For example, dislocation structure, which bridges atomic and microscopic 

dimensions, can affect the fracture behavior of materials. Furthermore, the apparent 

fracture strength (σf) that can be measured experimentally is not fully determined at 

atomic scale, which controls the ideal fracture strength (σF), but it is also a function of 

microstructure, such as the size and distribution of precipitates, and the dislocation 

structure.  

 

On a macroscopic scale, factors such as sample size and geometry, crack size and tip 

radius will affect the fracture behavior of a materials. However, they do not change the 

fracture criteria of materials: strength and critical length. Rather, such factors only change 

the stress distribution ahead of the crack tip. Thus, they will not affect materials intrinsic 

properties, such as KIC, but just the ductile -- brittle transition temperature (DBTT). These 

factors are extrinsic and beyond the subject of this research. 

 

Based on the considerations presented in this chapter, the two-fold approach taken in the 

study of high-strength and high-toughness steel presented in this dissertation will be 

focused on the two criteria for fracture:  

1. Fracture Strength criterion: The ideal fracture strength will be discussed on atomic 

scale. The difference between ideal and apparent fracture strength will be addressed 

under different circumstances. The effect of alloying chemistry on ideal fracture 

strength will be investigated based on existing data.  
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2. Characteristic length criterion: This is discussed on microstructural scale. Grain 

refinement will be studied, motivated by the increased difficulty to propagate a 

cleavage crack through grain boundaries.  

 

As a preliminary example of these two approaches, we can consider the total work of 

fracture, expressed as W=γ*A, where γ and A are surface energy and area of the fresh 

surface created during this fracture. The first approach is concerned with surface energy 

while the second approach is concerned with the surface area of the crack path. The goal 

in both approaches is to make brittle fracture more difficult, and therefore to increase the 

work for brittle fracture. 

 

Chapter II will discuss the first approach on ideal and apparent fracture strength. Chapter 

III and IV will focus on the second approach, and will examine the thermal mechanism of 

grain refinement via martensitic phase transformation. Chapter III is based on 

experimental results of grain refinement while Chapter IV is focused on theoretical 

calculations based on martensitic transformation theory. 
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Chapter II. Fracture Strength Criterion 

 

In this Chapter, we will first discuss ideal and apparent fracture strength, and the 

significance of these properties in relations to the toughness and Ductile – Brittle 

transition temperature (DBTT) in high-strength steels. Then we shall examine and 

propose some practical approaches to push the limits of fracture strength in high strength 

steels. 

 

2.1 Ideal Fracture Strength 

 

The ideal fracture strength of a crystalline solid is limited by the elastic instability of its 

crystal lattice under tension. [25] The tensile stress associated with the elastic instability 

causes the crystal to break (if it has not already done so in response to pre-existing 

defects in the crystals), and defines the ideal fracture strength. Studies of the ideal 

fracture strength can be dated back to Frenkel (1926)[26] and Orowan (1949)[27]. Recent 

advances in computational techniques and computing machines have made it possible to 

make ab initio calculations of the ideal fracture strength of crystals, via pseudopotential 

theory. In this section, we shall discuss those results and their consequences in details. 

 

2.1.1 Classical model  for ideal fracture strength 

A material fractures in a brittle transgranular cleavage mode when sufficient stress and 

work are applied on an atomic level to break the bonds that hold atoms together. Fig. 2-1 

shows schematic plots of the potential energy and force versus separation distance 
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between atoms where the force curve is the first derivative of the energy curve. 

Equilibrium is defined as the spacing where the potential energy is at its minimum. In 

order to break bonds a tensile force that exceeds cohesive force is required.  

 

Fig. 2-1 Potential energy and force as a function of atomic separation [7] 

 

Orowan proposed an approach to estimate the ideal fracture strength at the atomic level 

by idealizing the interatomic force-displacement relation as a half period of a sine wave, 

as shown in Fig. 2-1b. [27] Assuming that the half-period length is λ, we have: 







 ∆×

=
λ

π aSinPP C      (2-1) 

where ∆a is the displacement away from the equilibrium interatomic spacing, a0, and P 

and Pc are the applied and cohesive force, respectively. At the small strain limit, the 

displacement ∆a is also small. Therefore, the equation can be simplified as: 
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Since Hook’s law is obeyed at the small strain limit, we find that 
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Substituting (2-2) into (2-3) and reorganizing terms, we will obtain: 
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Therefore the ideal fracture strength along a certain crystallographic direction is 

proportional to the elastic constant E along the same direction, and λ/πa0 is the 

proportionality constant. If the half period length λ is assumed to be equal to the atomic 

spacing a0, the ideal fracture strength is on the order of 0.3E. This is the classic model of 

the ideal fracture strength. 

 

2.1.2 The strain at elastic instability 

Orowan’s model is based on two important assumptions: 1. The force verse displacement 

curve in the solid can be simplified as a sine wave; 2. The elastic instability occurs at a 

strain of 0.5. While the first approximation has been proven to be very reasonable, [28] the 

second assumption requires further consideration. 

 

Elastic instability occurs at the inflection point in the energy curve where the second 

derivative of energy is zero. This inflection point will be in between a stable phase and an 

unstable but stress-free phase. In the case of a simple crystalline structure, such as a 1-D 

or simple cubic structure, it is appropriate to assume that the unstable phase is generated 
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when the atom has been pulled into the position of its nearest neighbor, leading to an 

elastic strain of 1 (λ≈a). As a result, the elastic instability occurs at the inflection point at 

a strain equal to 0.5. However, in some other crystal lattices with high symmetry, things 

become more complicated. 

 

In the case of a body center cubic (BCC) structure, for example, tension along <100> 

directions, with a relaxed engineering strain of 26%, will transform the structure to a face 

center cubic (FCC) structure, assuming constant volume (Fig. 2-2). In a non-magnetic 

material, both stable BCC and unstable FCC structures are unstressed by symmetry, and 

both are local minimum, so the tensile stress must pass at least one maximum along the 

transformation path. 

Fig. 2-2 The Bain strain connecting the BCC and FCC structures. If BCC is pulled in 

tension along [001] while contracting along [100] and [010], it generates an FCC crystal 

as shown. 

 

This reverse Bain transformation sets a limit for the ideal fracture strength and λ can be 

taken to be 0.26a0. Substituting this into Eqn. 2-4, we obtain 

100
100
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π
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π
σ   (2-5) 
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This result is in a very good agreement with results from both ab intio calculations and 

experimental results. [29,30] For example, the ab intio result shows that the ideal fracture 

strength of W along <100> direction is about 29.5GPa, [23] which is 0.072E<100>. In 

addition, since no similar extrema are fixed by symmetry for the other possible direction 

of tensile loading, a BCC crystal has its minimum tensile strength along <100> direction. 

This also explains why in general BCC crystals cleave on {100} planes that are neither 

close-packed nor are the planes with the lowest surface energy. 

 

However, when this method is applied to Fe or ferritic steels, the situation may be very 

different. Unlike the other BCC materials, such as Mo and W, the FCC phase in Fe is 

known to be only slightly higher than the BCC, and is at least meta-stable at low 

temperature. Therefore the engineering strain that brings the BCC to the FCC structure is 

equal to the whole period length instead of half of the period length. As a consequence, 

the ideal fracture strength should be only about 0.04E<100>, or equivalently 6 GPa in the 

case of Fe. This number is too small to be credible since a much larger stress has been 

found ahead crack tips in ultra-high strength steels exhibiting elastic-plastic behavior and 

considerable ductility. [3] Recent research has shown that a tensile strain along <100> 

directions will bring the equilibrium BCC ferromagnetic phase of iron monotonically 

toward an unstable ferromagnetic FCC phase and the limit of stability will be reached 

before the alternate meta-stable FCC paramagnetic phase becomes favorable. Therefore, 

the point of elastic instability is governed not by the meta-stable paramagnetic FCC phase 

but by the unstable ferromagnetic FCC phase when λ is about 0.28a0. Thus, the ideal 

fracture strength of iron and ferritic steel is 0.09~0.1E<100>, or equivalently 14.2 GPa. In 
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conclusion, iron and other ferritic steel will cleave along {100} planes and the ideal 

fracture strength is proportional to the elastic constant along this direction (E100). 
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2.2 Apparent Fracture Strength and Ductile – Brittle Transitions 

 

Apparent fracture strength (σf), is a phenomenological strength value under which a 

micro-crack will be initiated and propagated from the weakest points in the sample. 

These weakest points may be {100} cleavage planes in perfect single crystal of Fe, 

dislocation piled-ups at grain boundaries in the case of polycrystalline Fe, or carbide 

precipitates or second phase inclusions in some ordinary steels. These factors will depend 

upon the chemical composition and microstructure of iron and steel. We shall discuss the 

meaning of apparent fracture strength and its effect on the ductile – brittle transition 

under each circumstance below. 

 

2.2.1 Flaw-free single crystal Fe 

In a flaw-free perfect single crystal Fe, the apparent fracture strength (σf) is clearly 

equivalent to the ideal fracture strength (σF). In the previous section, we have discovered 

that the ideal fracture strength is proportional to the elastic constant along the cleavage 

direction. It has also been found that the ideal shear strength or yield strength in a perfect 

crystal is governed by symmetry and is proportional to the shear modulus along the easy-

glide direction. In the case of BCC iron and ferritic steel, the ideal shear strength is about 

6.5 GPa or 0.11G<111>. [23]  

 

Therefore, the ductile – brittle transition in Fe is controlled by a competition between 

ideal fracture strength σF and ideal shear strength τm. For example, if we envision pulling 

a flawless crystal of Fe in tension along [100], the cleavage stress, 14.2GPa, would be 
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reached when the resolved shear stress on [111](11 ) was 6.6GPa, which is 

approximately the ideal shear strength. Hence it is difficult to say whether this flawless 

crystal Fe would cleave in tension or deform in shear. In this case, defect-free Fe is 

inherently quasi-brittle. However, if the crystal is loaded in tension along other 

directions, such as <111> or <110>, the crystal would first shear rather than cleave. It 

follows that the defect-free crystal of Fe can be ductile or brittle, depending upon the 

loading condition. 

_
2

 

This argument only pertains to a flaw free crystal subject to uniaxial loading. The 

behavior of flaw-free materials subject to a stress concentration field associated with a 

sharp-tipped crack is even more complicated. The mechanical constraint on the stress 

field ahead of the crack tip has at least two effects, which counteract one another. First, 

the triaxial stress state increases the ratio of tension to shear and thereby promotes 

cleavage. However, the plain strain condition changes the strain path, which increases the 

ideal fracture strength and tends to suppress cleavage. In addition, if the shear stress at 

the tip of the crack is so high that dislocations are spontaneously emitted from the crack 

tip, the cleavage will also be suppressed. [31,32]  

 

2.2.2 Pure iron and plain steels with defects 

Realistically, materials always contain some defects, internal flaws, or dislocations that 

will affect the apparent fracture strength and thus the ductile – brittle transition of 

engineering materials, such as iron and ferritic steels.  
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For instance, when dislocations are present, blunting of the crack tip before the critical 

load is reached for cleavage to initiate and propagate can complicate the situation. 

Dislocation motion is impeded by lattice friction, namely the Peierls – Nabarro stress, σp, 

which is given by 
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π
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where G is the shear modulus, ν is the Poisson’s ratio, h is the interplanar spacing and b 

is the Burgers vector. [33] For BCC Fe, the calculated value of the Peierls – Nabarro stress 

is about 0.01G (0.6GPa). This value is far less than the ideal shear strength discussed in 

previous section. Even after we considered the other sources of resistance to dislocation 

motion, such as particles, inclusions, dislocation forests and grain boundaries, the 

presence of dislocations is still believed to greatly reduce the shear strength from ideal 

shear strength; and thereby always promotes a ductile fracture mode. 

 

Another factor to be considered is micro-cracks that are usually initiated around some 

local discontinuities, such as dislocation piled-ups or grain boundary carbides and 

inclusions ahead of the macro-crack tip. Since a micro-crack sits inside the stress field 

ahead of the macro-crack tip, the remote crack opening stress applied to it is several times 

bigger than the externally applied stress due to the stress intensification factor of the 

macro-crack. Therefore, the maximum stress ahead of the micro-crack tip has been 

amplified twice leading to the ideal fracture strength. For example, if a penny-shaped 

crack was initiated around a particle in an intensified stress field ahead of the crack tip, 

the local stress, which is 3-4 times the yield strength, can be considered as the remote 

stress applied to the micro-crack. Thus, the stress field ahead of this just-initiated micro-
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crack has been significantly amplified to more than ten times the external applied stress. 

Therefore, this microstructural discontinuity not only serves as a site for cleavage 

nucleation, but also amplifies the stress concentration due to the presence of the second 

crack. It follows that the apparent fracture strength in this case is generally several times 

lower than the ideal fracture strength of materials. 

 

2.2.3 High and ultrahigh strength steel  

In high and ultrahigh strength steel, additional considerations complicate the preceding 

analysis. In a high strength steel, typically characterized by a yield strength above 1 GPa, 

the crack opening stress σyy ahead of the macro-crack tip is so high that it already 

approaches the ideal fracture strength of materials. As a consequence, it may not be 

necessary to obtain the secondary intensification of stress field from micro-cracks. For 

example, in Aermat 100, when tested at 77K, the yield strength is about 2.2 GPa, whereas 

the nominal stress ahead of the crack tip approaches 10GPa according to elastic-plastic 

finite element analysis (FEM), as shown in Fig. 2-3. Thus, in the case of high and 

ultrahigh strength steel, the apparent fracture strength is about the same as ideal fracture 

strength. As a consequence, cleavage nucleation sites are not limited to local 

discontinuities sites, such as grain boundary particles, but may be anywhere in the lattice. 

Therefore, the ideal fracture strength is the relevant parameter to consider. 

 

Moreover, it is well known that normal stress or crack opening stress σyy ahead of a sharp 

crack can reach values that are more than four times the yield strength in an elastic-

plastic material. [19] Since the ideal fracture strength for cleavage along <100> is 14GPa 
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in flaw-free Fe, it follows that brittle transgranular cleavage should be the normal fracture 

mode in fracture toughness tests on steels with yield strength above 3GPa. This criterion 

sets up a limit for the combination of strength and toughness in iron and steels. This 

inference is at least qualitatively consistent with the known behavior of ultrahigh strength 

steels. It has been observed in our research that the samples of AerMet 100 at 77K in a 

compact tension fracture toughness tests exhibit mixed ductile-cleavage mode and the 

yield strength of this ultrahigh strength steel is about 2.2 GPa at 77K. However the tire 

codes example. 

 

As a summary, the ideal fracture strength sets up a limit for the strength and toughness in 

steels and we are approaching this limit. 
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Fig. 2-3 (a) The stress-strain curve of AerMet 100 at 77K. (b) Elastic-plastic FEM 

solution for the maximum tensile stress as a function of the applied stress intensity. The 

value of KIC measured in a specific test is indicated. 
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2.3 Effect of Alloying Chemistry on Fracture Strength 

 

Since the properties of ultra-high strength steels are already approaching the limit of 

strength and toughness of Fe, the question left to us is how to push this limit further. One 

possible area that can be exploited is alloying chemistry. Since both ideal fracture 

strength and shear strength along a certain crystallographic direction are closely related to 

its elastic constant, it is certainly worthwhile to examine the effects of alloying elements 

on the elastic constant and thus ideal strength.  

 

It is well known that some alloying additions, such as Mn, and Ni, tend to lower the 

ductile – brittle transition temperature and increase the toughness of steels. The principle 

reason for this is microstructural. When used in high strength steel, these elements 

encourage the formation of dislocated martensite structures that combine good ductility 

with fine effective grain size. However, it has long been suspected that there is a 

chemical contribution as well, i.e. adding Ni and Mn can raise the intrinsic resistance to 

cleavage fracture. Unfortunately, to our knowledge there have been no ab initio studies of 

alloying effects on the ideal strength of Fe, probably due to the difficulties in obtaining 

accurate local potentials of two-component alloys. This problem is made more difficult 

when an alloying element is magnetic, such as Ni. Additionally, there is little 

experimental data available on the influence of Ni or Mn on the single crystal elastic 

constant of bcc iron, because it is technically very hard to make single crystals of BCC 

iron and its alloys. 
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However, the polycrystalline elastic constants of bcc Fe-Ni alloys have been thoroughly 

studied. The results were compiled years ago by Ledbetter and Reed. [34] The best fits to 

the polycrystalline elastic moduli give the relations: 

E(GPa) = 205 - 1.75XNi  (2-7a) 

G(GPa) = 81 - 1.12XNi  (2-7b) 

where XNi is the Ni content in percentage by weight. 

 

If we assume that E100 and G111 scale with E and G, it follows that the ideal fracture 

strength (0.08E100) and ideal shear strength (0.11G111) will also scale with E and G. As 

illustrated in Fig. 2-4, the ideal tensile strength decreases with increasing Ni content. The 

decrease is so substantial that the ideal cleavage strength of Fe-12Ni is more than 10% 

below that of pure Fe.  However, the shear strength decreases even more rapidly: the 

ideal shear strength of Fe-12Ni is more than 16% below pure Fe. The dashed line in the 

figure shows the resolved shear stress on the most favorably oriented <111>{112} slip 

system when the crystal is loaded to the cleavage stress along a <100> direction. As Ni is 

added the resolved shear stress at the cleavage instability approaches the ideal shear 

strength, and the crystal becomes increasingly likely to shear before cleavage. In fact, this 

simple model predicts that a ferritic alloy with more than about 32% Ni would be 

immune to cleavage. 
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Fig. 2-4 The influence of Ni on the ideal cleavage and shear strengths of Fe. The lower 

dash line shows the resolved shear stress on <111>{112} generated by the cleavage 

stress normal to {100}. 
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2.4 Future Work 

 

The discussions above give us a qualitative idea about how the addition of alloying 

element Ni can change the ideal fracture and shear strength and thus affect the ductile – 

brittle transition of Fe based alloys. However, a further investigation on the effect of 

alloying element Ni is needed in order to fully understand the intrinsic effect of Ni on 

achieving good toughness in high and ultra-high strength steel and to find a chemical 

method to push the limit of strength and toughness of steels. This can be approached both 

theoretically and experimentally.  

 

Theoretically the ideal fracture strength of Fe-Ni based alloys can be calculated ab intio, 

with some careful considerations. There are at least two major difficulties to accomplish 

this calculation. First, the electron potential of random solid solution itself is difficult to 

specify. Unlike the crystal lattices of pure elements, the exact type of atoms on a specific 

position in the crystal lattice is uncertain for random solid solution. It is essential to 

carefully model this uncertainty while maintaining the symmetry of the crystal lattice 

unchanged. Such calculations are underway within our group. [35]  

 

Experimentally, it is of great interest to measure the elastic constant of Fe-Ni based alloy 

single crystals. However, there are several obstacles to conducting this work. First and 

foremost, it is very difficult to make bulk single crystals of the alloys of interest since 

most of them have a BCC structure. Rather than relying on bulk single crystals, it is 

possible to use large grains of material of interest in polycrystalline samples. This has 
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been done for the measurement of the single crystal elastic constants of pure iron. 

However, the preliminary results showed that even at very high annealing temperature 

(~1200°C) and long annealing time (>24hours), the grains in Fe-Ni based alloys are less 

than several hundreds microns in diameter, much less than those achieved for the pure 

iron polycrystalline samples (several millimeters). The relatively small grain size is due 

to the presence of alloying element Ni. Nano-indentation has been used to investigate the 

elastic properties of materials within very small volumes. However, the complexity of the 

stress-state imposed make it very difficult to extract single crystalline properties from 

nano-indentation experiments.  

 

There are some alternatives that have been successfully applied to ceramic materials, 

such as Al2O3 and Si3N4 for which single-crystalline samples are also difficult to obtain. 

[36] The approach is based on a well-accepted assumption that the elastic constant of 

polycrystals is determined by the materials elastic constant of single crystals and its 

texture. With the innovation of computer technology, several software programs have 

been developed to compute the polycrystalline elastic moduli from knowledge of the 

texture and single crystal elastic constants of a sample. Therefore, it may be possible to 

infer the single-crystalline elastic constants from knowledge of the texture and elastic 

moduli of heavily deformed polycrystals.  

 

For a series of Fe-Ni based alloys, such as pure Fe, Fe-5Ni, Fe-10Ni, Fe-15Ni and Fe-

20Ni, we shall first heavily deform the samples in order to form strong texture within 

them. Then their elastic constants and texture can be measured using standard ultrasonic 
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wave techniques and X-ray diffraction method, respectively. After obtaining this 

information, we can substitute into the texture software, such as popLA from Los Alamos 

or BearTek from UC Berkeley to calculate the elastic constant of single crystal Fe-Ni 

alloys. The comparison of data from pure Fe with literature will be used to evaluate the 

accuracy of the method.  

 

The approach introduced above will allow us to examine how the elastic constants, and 

thus ideal strength of single crystals Fe change with adding alloying element Ni. 

Furthermore, since there is no reason to restrict this method to Ni only, it can also be 

applied to other alloying elements, such as Co, and Mn, in order to investigate how the 

alloying chemistry will affect the ideal fracture strength and consequently the fracture 

behavior of steels. This may explain why some alloying elements will make steel tougher 

intrinsically, as well as provide us a guide on the direction of alloying techniques towards 

high-strength and high-toughness steel. 

 

However, due to current limitations with equipment, this research has not yet been 

conducted. It is proposed that this work will be carried out within our group in the future. 
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Chapter III. Grain Refinement of Lath Martensitic Steel 

 

3.1. Introduction 

 

3.1.1 Why grain refinement 

Given the inverse relationship between strength and toughness, it is well known that grain 

refinement is only method that can contribute to both spontaneously. The yield strength 

of a material commonly obeys the relation known as the Hall-Petch equation: [37,38] 

2/1−+= dk yiy σσ     (3-1) 

where σy is the yield strength, σi is the internal friction, ky is the Hall-Petch slope 

representing the resistance against the slip propagation across a grain boundary, and d is 

the grain size. The apparent fracture strength σf is derived from dislocation theory [39,40] 

combined with classical Griffith theory [41] for a brittle crack initiated around a 

dislocation pile-up at grain boundary with the result  

2/114 −−= dkG ymf γσ     (3-2) 

where σf is the apparent fracture strength, G is the shear modulus, γm is the surface 

energy, ky is the Hall-Petch slope and d is the grain size. Since the internal friction σi is a 

strong function of temperature, the yield strength σy of a ferric alloy increases 

significantly with decreasing temperature as shown in Fig. 1-3 (b). On the other hand, the 

apparent fracture strength σf only changes slightly with temperature, resulting in a typical 

ductile – brittle transition in ferritic alloys at temperature Tc where σy = σf as following: 

)]/(ln[ 22/11
ymyC kGdBkCT −= − γβ   (3-3) 
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where C, B and β are constants. [42] Therefore, the transition temperature can be 

depressed by reducing the Hall-Petch slope ky, increasing the surface energy γm and 

refining grain size. However, from Eqn. 3-1 and 3-2, it is apparent that grain refinement 

is the only means by which both yield strength and apparent fracture strength can be 

increased and the transition temperature can be simultaneously lowered. 

 

3.1.2. Approaches to grain refinement 

The general approach for grain refinement is thermomechanical processing, which is a 

combination of mechanical work to obtain large amount of plastic deformation and 

thermal exposure to induce recrystallization. This method has received dramatic 

emphasis in recent years with the launch of large “super steel” projects in Japan, Korea 

and China that are intended to develop the next generation of structural steels. [43,44] It has 

been shown that exceptional strength and toughness combinations can be achieved in low 

alloy steels by refining grain size to the 1 µm range.  

 

However, there are still some barriers to implement these results successfully. It is very 

difficult to achieve the large amount of uniform plastic deformation that is necessary to 

produce ultrafine grain size through the thickness of plate steel. [45] This is particularly 

true when the product of interest is a high strength, high alloy thick plate. 

 

There are, however, alternatives to thermomechanical methods for grain refinement that 

are particularly applicable to high strength thick plates, bars and weldments. These are 

cyclic thermal treatments that exploit the properties of martensitic transformation and 
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produce ultrafine grain size in lath martensitic steel. [46,47,48] The practical impetus of 

grain refinement by thermal mechanism is the need for structure plates that have 

outstanding combinations of strength and toughness at low temperature. The scientific 

motivation is to push the limit of strength and toughness of high strength steels. 

 

3.1.3. Effective grain size in lath martensitic steels 

It is well known that ferritic steel cleaves along the {100} planes. [3,7] Therefore the 

effective grain size, in terms of transgranular cleavage fracture, can be defined as the 

coherent length on crystallographical cleavage planes, or the mean free path of crack 

propagation along {100} planes in BCC ferritic steel.  

 

In lath martensitic steels, however, the meaning of effective grain size is rather 

complicated and in fact a function of prior thermal processes. A typical microstructure of 

lath martensitic steel is shown in Fig. 3-1. [49] The prior austenite grains are subdivided 

into packets of thin, closely aligned martensite laths. The structure within the packet 

appears to be very fine since the laths are less than a micron in cross-section. However, 

the diffraction pattern obtained from the interior of a packet (Fig. 3-1 d) revealed that the 

laths within a packet are in close crystallographic alignment and the lath boundaries are 

only low-angle boundaries. Hence, the packet is essentially a single crystal of martensite, 

and its size will define the effective grain size. This is illustrated in Fig. 3-2, which is a 

profile micrograph of cleavage fracture in an as-quenched 6Ni steel that was treated to 

produce very large packets and broken at 77K. [49] The cleavage facets follow {100} 

planes that are common to the laths in a packet, diverging at packet boundaries. 
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        (c)       (d) 

Fig. 3-1: The microstructure of a lath martensitic steel. (a) Optical microstructure of lath 

martensitic Steel; (b) Illustration of subdivided packet within a prior austenite grain; (c) 

dislocated lath martensite within a packet showing alignment of laths of less than 0.5mm 

thickness; (d) The diffraction pattern shows the laths are almost identical in 

crystallographic orientation. (Courtesy of Y.H. Kim and T. K. Lee [49] ) 
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Fig. 3-2 Scanning electron micrograph of etched cross-section of lath martensitic 

steel broken below TB. The cleavage cracks follow common {100} planes across 

parallel laths in a packet, indicating that the effective grain size is the packet size. 

(Courtesy of Y. H. Kim [49] ) 
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3.1.4. General approach of grain refinement in lath martensitic steel 

Given the nature of the lath martensite and the definition of effective grain size, there are 

three basic paths to grain refinement. The first approach is to refine the packet size by 

decreasing the prior austenite grain size. [48,50] The thermal treatment to accomplish this is 

Austenite Reversion (Fig. 3-3 (b)), followed by a quenching to re-transform to martensite 

before the austenite can grow to appreciable size. This is referred to a “quench” or “Q” 

treatment, which is generally included in the processing of lath martensite steels. 

However, it has proved difficult to achieve prior austenite grain size below 10 µm with 

Austenite reversion treatment only. [50] 

 

%B 

Ac3 

Ac1 

γ+α 

α 

γ T (a) Normalization (N) 
 

(b) Austenite Reversion (Q) 
 

(c) Intercritical Annealing (L) 
 (d) Intercritical Tempering (T) 

 (e) Tempering (t) 

 

Fig. 3-3 Schematic phase diagram of the five heat treatments used in this research. 

 

The second method of grain refinement is to separate the lath using thin islands of 

thermally stable austenite. This is accomplished by tempering the alloy at a temperature 

just above AC1 (the boundary between the single-phase α region and the two-phase 

region) as shown in Fig. 3-3 (d)) to precipitate the small islands of alloy-rich austenite 

along the martensite lath boundaries. The mechanism by which this austenite can lead to 

an increase in toughness is still not clear. One of the possible explanations relies on the 
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fact that the precipitated austenite is not mechanically stable, but transforms to fresh 

martensite when the alloy is deformed. [51,52] However, the crystallographic variant (i.e. 

unique orientation relationship between martensite and parent phase austenite) adopted 

by this fresh martensite is determined by the applied stress rather than the crystallography 

of the packet. [53] Therefore, the fresh martensite with a different variant from the 

dominant one of the packets will break up the alignment of the laths. This “intercritical 

tempering” (T) treatment is used in the traditional “QT” treatment of 9Ni steel [54,55,56] 

and in the “QLT” treatments of 5-6Ni steels [57,58,59] to toughen them for service at 

cryogenic temperatures. However, it is difficult to refine the whole package thoroughly 

due to the difficulties to obtain a dense distribution for austenite precipitation along every 

lath boundary. 

 

The third method of grain refinement is to directly disrupt the crystallographic alignment 

of martensite laths within a packet and generate a large angle misorientation between the 

adjacent lath using thermal methods. [60,61] Although this seems to be an ultimate way to 

completely refine the whole packet and create a material with submicron effective grain 

size, there is only little effort made using this method, possibly due to the difficulties to 

control the martensitic transformation and the resulting crystallographic relationship with 

the parent austenite phase. Thus, the research discussed here is intended to clarify the 

thermal mechanism which can directly break alignment within packets for grain 

refinement in lath martensitic steels and to understand their impacts on mechanical 

properties. 
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3.2. Experimental Procedures 

 

The material used in this research is AerMet 100 (Fe-13.4Co-11.1Ni-3.1Cr-1.2Mo-

0.23C) [62] and 9Ni Steel. A secondary-hardening steel developed by Carpenter 

Technologies, AerMet 100 not only offers the exceptional combination of strength and 

toughness, but also appears to have submicron effective grain size after a standard QT 

treatment (1158K for 1 hr for austenization and 765K, 5 hrs for tempering). TEM 

micrographs in Fig. 3-4 illustrate that there are two variants within a packet and the laths 

are decomposed into crystallographically distinct subvolumes that are smaller than 0.5µm 

in size. Our research is initiated based on this mystery since it is believed that standard 

QT will not break the crystallographic alignment within the packets. 

 

In order to establish a homogeneous initial microstructure for grain refinement studies, 

All samples of AerMet 100 were first annealed at 1423K for 18 hours for a normalization 

treatment (N). (Fig. 3-3 (a)) The time and temperature were chosen to homogenize the 

solute species (Ni and Co). Then a series of heat treatments were performed on these N-

treated alloys, including a Q treatment (austenite reversion at 1158K for 1 hour), an L 

treatment (intercritical annealing at 950K for 1 hour), and an LQ treatment (intercritical 

annealing at 950K for 1 hour, then austenite reversion at 1158K for 1 hour). After heat 

treatment, all samples were oil quenched, and then chilled at 77K for 1 hour to complete 

martensitic transformation and tempered at 755K for 5 hours. 

 

38 



Similar heat treatment circles were also applied on 9 Ni steel in order to avoid the 

chemical effects of Co and other alloy elements on grain refinement of lath martensitic 

steel. For 9 Ni steel, the normalization treatment (Q) is also 1423K for 18hrs. However, 

the intercritical annealing (L) treatment is 963K for 1 hour and the austenite reversion (Q) 

treatment is 1093K for 1 hour. 

 

Microstructure has been examined after each heat treatment using both optical 

microscopy and transmission electron microscopy (TEM). Orientation relationship 

between adjacent lath has been investigated by selected area diffraction pattern and dark 

field images. Composition profiles between adjacent laths were examined using 

analytical electron microscopy (AEM) and EDAX. Additional dilatometer tests were also 

performed to measure the MS temperature of martensitic transformations. 

 

Finally, uniaxial tensile, charpy and J tests were conducted at room temperature and 77K 

for different heat treatment conditions to study the effect of grain refinement on cleavage 

propagation. In addition, a sample with a cyclic LQLQ heat treatment was tested to 

examine the effect of double treatments. Fracture surfaces were examined using scanning 

electron microscopy (SEM). 
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Fig. 3-4 TEM microstructure of AerMet 100 in a standard QT condition (1158, 1hr, oil 

quenched; 77K 1 hr for chilling; 755K, 5hrs for tempering). Local diffraction pattern 

indicates two sets of diffraction pattern (variants) in a martensite packet. 
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3.3. Microstructural Evolutions 

 

3.3.1. Normalization (N) treatment  

Normalization treatment serves two purposes: to create a homogeneous and coarse initial 

structure and, more importantly, to investigate whether the fact that there are more than 

one variant within a martensite packet is an intrinsic property of alloys. Fig. 3-5 shows 

the microstructure of AerMet 100 obtained after an N treatment followed by quenching to 

room temperature and tempering. The prior austenite grain size is coarse, on the order of 

150 µm. The TEM image shows dislocated martensite laths are well aligned and share the 

same variant within packets, indicating that the misalignment between adjacent laths is 

removable, therefore, not an intrinsic property of alloys but a result of heat treatment.  

 

3.3.2. Reversion (NQ) treatment 

After normalization, the alloy underwent a standard QT treatment as indicated by the 

manufacturer. This treatment was used to refine the prior austenite grain size and to 

determine the degree of lath alignment after reversion to just above AC3 (Shown in Fig. 3-

3). Fig. 3-6 showed the microstructure of AerMet 100 in the condition of the “NQT”. The 

prior austenite grain size has been significantly refined to about 50 µm. However, local 

area diffraction patterns taken from the interior of packets show a single-variant pattern, 

indicating that a standard QT treatment can only lead to a decrease in prior austenite 

grain size, but not a disruption in crystallographic alignment within the packets. 
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The mechanism of reverse martensitic transformation and its effects on refinement of 

prior austenite grain size during reversion treatment (Q) are still not entirely clear. [63,64] It 

is generally accepted that at low temperature where the diffusivity of solute species is 

low, the dominant mechanism of reverse austenization is diffusionless cooperative 

movement of atoms. [65] One example is the reverse austenite transformation in stainless 

steel. [45] On the other hand, when reverse austenization temperature (Ac1) is high, such 

as in most lath martensitic steels, the transformation will proceed through nucleation and 

growth of austenite. [66] Fig. 3-7 shows optical microstructure of AerMet 100 after heat-

treated at 1423K, 18hrs for normalization; and 1158K for 1 minute and 2 minutes. The 

change in microstructure indicates that new small austenite grains nucleate and grow 

from grain boundaries (in most cases) and inside grains (sometimes). This has been 

believed to be the reason that reversion treatment can refine prior austenite grain size.  
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Fig. 3-5 Optical and TEM Microstructure of AerMet 100 after the N treatment (1423K, 

18 hours for normalization; 77K, 1 hour for chilling), showing large prior austenite 

grains. Diffraction patterns taken inside the packets exhibit only one variant, indicating 

well aligned martensite laths 
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Fig. 3-6 Optical and TEM microstructure of AerMet 100 in the NQT condition (1423K, 

18hrs for normalization; 1158K 1hr oil quenched; 77K 1hr for chilling; 755K, 5hrs for 

tempering), showing prior austenite grains have been significantly refined. However, the 

diffraction pattern taken within a packet still indicates that good crystallographic 

alignment remains in martensite packets. 
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   (a)      (b) 

Fig. 3-7 Optical microstructure of AerMet 100 after heat-treated at 1423K, 18hrs for 

normalization; and 1158K for (a) 1 minute and (b) 2 minutes, indicating that 

recrystallization occurs through nucleation and growth of new austenite grains from grain 

boundaries in most cases and sometimes inside grains. 
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3.3.3. Intercritical annealing (NL) treatment 

An intercritical annealing is accomplished by holding the alloy in a temperature near AC3 

(in this case, 950K for 1 hr), and in the top of the two-phase (α+γ) region as shown in 

Fig. 3-3 (c). After quenching to room temperature, the resulting microstructure (Fig. 3-8) 

is a lamellar mixture alternating between laths of highly-dislocated fresh martensite and 

those of well-recovered original martensite, with the same variant inside a packet. 

However, L treatment had little effect on the prior austenite size, which is about the same 

as N treatment. EDAX results across the laths in Fig. 3-9 shows the composition 

difference in eight adjacent laths: the fresh martensite (αf') is rich in alloy content Ni but 

relatively lean in Co, while the recovered martensite (αt') is lean in Ni but rich in Co, 

indicating that the alloy has become a “dual phase” lamellar steel. At the same time, the 

original martensite recovers, losing most of its dislocation density. 

 

According to phase diagram (Fig. 3-3), it is obvious that the alloy can develop this dual-

phase (α+γ) structure during intercritical annealing, primarily through the nucleation and 

growth of austenite along the martensite lath boundaries as shown in Fig. 3-10. Austenite 

generally will first nucleate at the lath boundary where C concentration is high. The 

following growth of precipitated austenite is accompanied by solute Nickel diffused into 

austenite and Cobalt diffused away from austenite since Ni is an austenite stabilizer while 

Co favors ferrite more than austenite. [67] In addition, the interdiffusion between Co and 

Ni can also help stabilize further the lattices of austenite and martensite. The final 

morphology of precipitated austenite during intercritical annealing can either be island or 

thin film shape, depending upon the thermodynamics and kinetics during the growth. [68] 
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In our research, precipitated austenite will have a highly-coherent interface with 

surrounding martensite. Thus, small interface energy between austenite and martensite 

will thermodynamically favor a growth along lath boundaries to create a thin layer of 

precipitated austenite. On the other hand, the interdiffusion between Co and Ni also 

mainly occurs along lath boundaries since they are the fast diffusion paths. Hence, the 

thin film morphology is favored by both thermodynamics and kinetics. 

 

The alloy-rich austenite re-transforms to martensite almost completely on the subsequent 

cooling to room temperature and following chilling at 77K. Probably because its 

transformation is catalyzed by the martensite that surrounds it, this austenite has a strong 

tendency to transform back into the specific martensite variant of the surrounding packet 

to minimize the surface energy. Although this treatment does not refine grain size 

directly, it prepares the microstructure for effective grain refinement in subsequent steps. 
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Fig. 3-8 Optical and TEM microstructure of AerMet 100 in NL condition (1423K 18hrs 

for normalization; 950K, 1 hr for intercritical annealing), showing a lamellar pattern 

alternating between heavily-dislocated fresh martensite laths and tempered martensite 

laths. However, diffraction pattern exhibits only one variant within the packet. 
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Fig. 3-9 EDAX results on individual lath of AerMet 100 in NL condition (1423K 18hrs 

for normalization; 950K, 1 hr for intercritical annealing) revealed that solute distribute 

alternatively in the adjacent laths in a lamellar pattern. However, Ni and Co have 

opposite trends since Ni is austenite stabilizer and Co favors ferrite.  
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Fig. 3-10 Schematic Illustrations of (a) austenite nucleation at lath boundaries, (b) 

austenite growth along lath boundary to form a thin layer of precipitated austenite and (c) 

adjacent martensite laths have been tempered during intercritical annealing treatment (L), 

resulting in a lamellar structure of dual phase steel. 
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3.3.4. Intercritical annealing and reversion (NLQ) treatment 

A reversion (Q) treatment is given to the alloy after an L-treatment. Fig. 3-11 showed the 

resulting microstructure after oil quenching, chilling at 77K for 1 hour and tempering at 

755K for 5 hours. The selected Area diffraction pattern in Fig. 3-11 revealed that there 

are actually two diffraction patterns within one packet, one corresponding to Kurdjumov-

Sachs (K-S) relationship, [69] the other to Nishiyama-Wasserman (N-W) relationship [70,71] 

with the parent austenite phase. The co-existence of K-S and N-W orientation 

relationships within one packet generates a large angle misorientation (~54.7°) between 

adjacent laths, yielding an effective grain size of about 0.5 µm on {100} planes as shown 

by dark field image in Fig. 3-11. Thus, a combination of L and Q treatment can directly 

disrupt the crystallographic orientation relationship between adjacent laths. 

 

We shall discuss what is K-S, N-W relationship, why they will coexist after an LQ 

treatment and how the coexistence of these two relations will refine effective grain size in 

lath martensitic steel in details below. 

  

1. What is K-S and N-W relationships and why they coexist? 

It is generally believed that in low alloy steels (for example, Ni wt%<28% in Fe-Ni 

system), the crystal axis of martensite will form a Kurdjumov-Sachs relationship (K-S) 

with parent austenite phase. These relations are (111)γ//(011)α’, [101]
_

γ//[1 1]
_ _

1 α’, so that 

the close packed planes of the γ lattice are parallel to those of the α’ lattice and the closed 

packed directions of the γ are parallel to those of the α’ (Fig. 3-12). [69] On the other 

hand, in high alloy cases, the orientation relationships between martensite and parent 
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austenite are (111)γ//(011)α’, , called Nishiyama-Wassermann (N-W) 

relations (Fig. 3-12). 

'

_

001//101
α













r

[70,71] In general, there is only one of the 24 K-S or 12 N-W variants 

within a packet or block. Not surprisingly, this is the case we observed in AerMet 100 

after N, NQ and NL treatment. However, after NLQT treatment, the crystallographic 

alignment within the packets or blocks was disrupted and multiple diffraction patterns 

were observed as shown in Fig. 3-11. To understand why and how this occurs, we have to 

start from intercritical annealing or L treatment. 

 

As shown in Fig. 3-8 and 3-9, an intercritical annealing will form a lamellar structure 

with solute (Ni, C)-rich fresh martensite and solute-lean tempered martensite alternating 

with one another. On the heating to the austenite field in Q treatment, both constituents of 

L-treated steel revert to austenite. If it is held in the γ-field for some time after reversion 

if the part is thick plate, the carbon atoms may redistribute, but the compositional 

inhomogeneity of solute Ni will be preserved due to the low diffusivity of the 

substitutional species in the close-packed FCC γ phase. On the subsequent cooling, the 

dual-phase alloy undergoes a two-step martensitic phase transformation. The solute–lean 

constituent will transform first, and severely deform the surrounding austenite due to the 

volume change associated with phase transformation. The first transformation will be 

stopped due to the increase of strain energy and thus the increase of the resistance to 

transformation and the lack of driving force once the frontier of martensite encounters the 

high-alloy constituents. Upon further cooling, the high-alloy constituent will then 

transform. Under severe mechanical deformation and constraints, the local volume of 

solute-rich constituent is encouraged to transform to the martensitic variants that are most 
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compatible with the local stress field, rather than those that continue the pattern in the 

surrounding martensite. Therefore, the crystallographic alignment within a packet has 

been disrupted and there are different orientation relationships (K-S and N-W) with 

parent austenite between adjacent laths as a result of two-step martensitic transformation. 

 

2. Two-step martensitic transformation 

The two-step martensitic transformation can be observed through dilatometer test, which 

measures the volume/length change of alloy sample with temperature during heating and 

cooling. Since martensitic transformation is associated with volume change, this method 

has been widely used to measure the Ms temperature (martensitic transformation starting 

temperature). Fig. 3-13 showed the dilatometer curve of AerMet 100 samples after (a) 

Normalization treatment (N, 1150°C for 18hrs) and (b) Normalization and Intercritical 

Annealing treatments (NL, 1150°C for 18hrs and 677°C for 1 hr). Samples were heated 

to 900°C, held for 5 minutes and then cooled down. During heating, the sample after the 

NL treatment has two constituents with different compositions and shows a two-step 

reverse-martensitic transformation with austenization temperature at about 590°C and 

710°C.  However, the sample after the N treatment exhibits only one austenization point 

at 650°C. During cooling, the martensitic transformation of the sample after the N 

treatment started at 130°C and finished around 60°C, while the sample after the NL 

treatment has a martensitic transformation from 270°C to 160°C. It has to be noted that 

the martensitic transformation in the latter does not seem to be completed since the length 

change is still in the negative region, indicating there is still a significant amount of 
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austenite remaining in the sample. Therefore, it seems that the constituent with low Ms 

temperature did not transform yet.  

 

The difference in Ms for Ni-rich and Ni-lean constitutes in this microstructure can be 

estimated according to the equation Picking gave: [72]  

( ) %...30%35%10%20%450%450 MnCuCoNiCNCM O
s −−+−−−=∆  (3-4) 

where the percentages are in weight. Although the carbon concentration may have been 

redistributed evenly in the reversion heat treatment, the compositional profiles of Ni 

(~10% difference) and Co (~5% difference) remain unchanged due to their low 

diffusivities in a close-packed (FCC) austenite structure. Hence the difference in Ms 

temperature (∆Ms) can be estimated accordingly to be about 250°C. Therefore, because 

the first Ms temperature is about 260°C (shown in Fig. 3-13), it is very likely that the Ms 

temperature of second step transformation is just below room temperature, making it very 

difficult to be observed through dilatometer test unless liquid Nitrogen cooling is used. 

However, in reality, chilling at 77K was performed right after quenching to make sure 

that the second step martensitic transformation is completed. Thus, it is reasonable to 

assume that there is a two-step martensitic transformation during the cooling and as a 

consequence, the crystallographic orientation relationship within a packet has been 

disrupted. 

 

3. Impacts on grain refinement and the practical approaches  

The coexistence of K-S and N-W orientation relationships between adjacent laths within 

one packet is a very interesting phenomenon. On one hand, as shown in Fig. 3-12, there is 
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only very small misfit (~5o in plane rotation) at the lath boundary plane between two 

adjacent laths, indicating at least an semi-coherent interface with very low interface 

energy between adjacent laths. On the other hand, this small twist of atoms in lath 

boundaries creates a large angle (~53o between (001) planes for N-W and for K-S 

relationships) misorientation between adjacent lath. Because of this large angle 

misorientation, as shown in far right of Fig. 3-12, if two adjacent martensite crystals have 

K-S and N-W relationship with parent austenite respectively, they can not share the same 

{001} cleavage plane. Therefore, cleavage propagation will be stopped at lath boundaries 

and forced to diverge to the nearest cleavage plane in the adjoining lath that is oriented at 

a finite twist angle from the current cleavage plane. Thus, the effective grain size, or, the 

coherent length of {100} cleavage plane is the cross-section size of the martensitic length 

that is in the sub-micron regime. As a result, the toughness at low temperature is 

improved by this grain refinement treatment without sacrifice of strength. 

 

Now the question left to us is why the commercial heat treatments of AerMet 100 were so 

thoroughly grain-refined with submicron effective grain size. As discussed before, the 

QT treatment specified for the alloy would not have accomplished this. However, 

reference to the Carpenter data sheet for AerMet 100 [62] revealed that the alloy is given a 

“stress-relief” treatment after forging and prior to shipment, whose intent is to soften the 

alloy and make it more machineable. The stress-relief treatment is described as “1200-

1250°F (i.e. 649-677°C) for 4 to 16 hours”. Since this temperature range falls into the 

upper part of the two-phase region, this stress-relief treatment is essentially an 

intercritical annealing, which prepares the alloy for the following grain refinement with a 
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complete LQT treatment from as-forged condition, and thus, produces a submicron 

effective grain size. This observation tells us another advantage of LQT grain refinement 

techniques. Since stress-relief treatment is a necessary step after forging, especially for 

those high strength steels, it can really serve two purposes if appropriate temperature and 

time are used – one for stress relief, the other for intercritical annealing. Therefore, with 

the following Q treatment that is always included in the processing of the lath martensitic 

steels, this grain refinement treatment can be completed without extra cost and time for 

additional heat treatment, an advantage most attractive to the steel industry for practical 

applications. 
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Fig. 3-11 TEM microstructure of AerMet 100 in the NLQT condition (1423K, 18hrs for 

normalization; 950K, 1hr for intercritical annealing; 1158K, 1hr, oil quenched; 77K, 1hr 

for chilling, 755K, 5hrs for tempering). Local diffraction pattern indicates that adjacent 

laths have different variants in the same martensite packet. 
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Fig. 3-12 Crystallographic illustration of K-S and N-W orientation relationships between 

martensite and austenite, indicating that there are small misfit but large misorientation on 

the boundaries between two adjacent laths if they have K-S and N-W relations with 

parent austenite phase. As a result, the cleavage propagation will be stopped and diverged 

at the lath boundaries. 
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Fig. 3-13 Dilatometric measurement of AerMet 100 samples after (a) Normalization (N) 

treatment (1150°C for 18hrs) and (b) Normalization (N) and Intercritical Annealing (L) 

treatment (1150°C for 18hrs and 677°C for 1 hr). Samples are heated to 900°C and then 

cooled down.  
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3.3.5 Microstructure observation in 9Ni steel 

Similar results have been observed in 9Ni steel. Fig. 3-14 shows the microstructure of 

9Ni steel after a NQ treatment. The clean diffraction pattern taken from the interior of the 

whole packet and the dark field image both indicate that there is only one variant in 

martensite packet. It proves that austenite reversion (Q) treatment itself can not break 

crystallographic alignment within the same martensite packet. 

 

However, after an LQ treatment, multiple variants are observed again within the same 

packet of 9Ni steel, just like in AerMet 100. Fig. 3-15 shows the microstructure of 9Ni 

steel after an LQ treatment, indicating the coexistence of K-S and N-W relations in 

alternated lath and thus the disruption of crystallographic alignment within the packets. 

This also proves that the LQ treatment, which refines grain size directly, can also be 

applied to other steels. 
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      (a) 
 

 
      (b) 
 

 
      (c) 

Fig. 3-14 TEM Bright field, dark field microstructure, and diffraction pattern for 9Ni 

Steel in the NQ condition (1423K, 18hrs for normalization; 1093K 1hr oil quenched; 77K 

1hr for chilling), showing that good crystallographic alignment remains in martensite 

packets. 
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Fig. 3-15 TEM micrographs of 9Ni steel in the NLQT condition (1423K, 18hrs for 

normalization; 963K, 1hr for intercritical annealing; 1093K, 1hr, oil quenched; 77K, 1hr 

for chilling). Local diffraction pattern indicates two variants within the same martensite 

packet. 
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3.4. Mechanical Properties 

 

In order to investigate how this grain refinement affects the alloy’s fracture behavior, 

especially transgranular cleavage fracture, a series of mechanical tests has been 

conducted.  

 

First, AerMet 100 were heat treated under NT, NQT, NLQT, NLQLQT conditions 

according to the definition discussed in Section 3.3, then charpy and J tests were 

conducted at 77K. The reason that the NLQLQT condition was added was that previous 

research in our group has proven that cyclical heat treatment can usually refine grain size 

more thoroughly. As listed in Table 3-1, both impact energy and KQ value increase with 

the decrease of the effective grain size from NT, NQT condition to NLQT and NLQLQT 

condition. Fractography of those samples in Fig. 3-16 showed that cleavage size 

decreases significantly from about 50 µm in NT condition to about 7 µm in NLQLQT 

condition.  

Table 3-1 Results of charpy and J tests at 77K for different heat treatments 

Heat Treatment Impact Energy (ft•lb) KQ (MPa•√m)* Cleavage Size  

NT 5.47 N/A ~ 50 µm 

NQT 9.49 30.7 ∼ 20 µm 

NLQT N/A 43.1 ∼ 10 µm 

NLQLQT 14.57 62.2 ∼ 7 µm 

* KQ value is only for comparison purposes since sample is too thin to achieve plane strain condition 
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Fig. 3-16 Fractography of J specimens of AerMet 100 with different heat treatments 

tested at 77K, indicating a decrease of cleavage size from NT, NQT to NLQT and 

NLQLQT. 
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Secondly, uniaxial tension and JIC tests were performed at both room temperature and 

77K for AerMet 100 treated under QT, LQT, and LQLQT conditions. At room 

temperature, all samples failed in ductile mode with similar KIC value, indicating that the 

grain refinement has little, if any, effect on the ductile fracture, which is determined by 

void nucleation and coalescence. However, as listed in Table 3-2, at low temperature 

(77K), toughness increases from 26 MPa*m0.5 to 33 MPa*m0.5, (about 20% increase) 

from QT condition to LQLQT condition without any loss on strength. In fact, both 

yielding strength and ultimate tensile strength also increased with the decrease in the 

effective grain size. Fig. 3-17 shows the fractography of AerMet 100 specimen for 

different heat treatment conditions tested at 77K. It is apparent that the cleavage size 

decreases from about 10µm in QT condition to 3-4 µm in LQLQT condition. In addition 

to fractography and toughness value, the effect of the decrease of effective grain size can 

also be observed in the increase of resistance to the crack propagation along cleavage 

plane as shown in Fig. 3-18. While the specimen with QT treatment showed a large 

propagation at the very beginning of crack initiation (Fig. 3-18 (a)) and several rapid 

propagation (abrupt load drop) afterwards (Fig. 3-18 (b)), those with refined effective 

grain size (LQLQT) exhibit a very smooth curve for both load vs. strain and J integral vs. 

crack length change, indicating a much more stable crack growth.  

Table 3-2 Results of uniaxial tensile and J tests at 77K with different heat treatments 

Heat Treatment Yielding Strength (MPa) Tensile Strength (MPa) KIC (MPa*√m) 

QT 2066 2474 27.4 

LQT 2062 2442 27.6 

LQLQT 2135 2494 33.1 
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     (a) 
 
 
 
 
 
 
 
 
 
 
     (b) 

 
 
 
 
 
 
 
 
 
     (c) 

Fig. 3-17 Fractography of J specimen of AerMet 100 with different heat treatment tested 

at 77K, indicating a decrease of cleavage size from about 20 µm in QT to 6 µm in LQT 

and 3µm in LQLQT condition. 
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Fig. 3-18 J Testing results for AerMet 100 at 77K (a) J integral vs. da and (b) Load vs. 

strain curve, showing that grain refinement can stabilize crack propagation. 
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3.5 Conclusions 

 

An LQ treatment (an intercritical annealing followed by austenite reversion and 

quenching) is an effective method to achieve submicron effective grain size by disrupting 

the crystallographic alignment within the same packet. It accomplishes this because the L 

treatment creates a fine-scale lamellar “dual-phase” structure with two different 

compositions. When this compositionally inhomogeneous structure is austenized and 

quenched (the Q treatment), it re-transforms to martensite in a two-step martensitic 

transformation. These two constituents will severely deformed and constrained each 

other, disrupting the crystallographic alignment within the same packet and generating 

large angle misorientation between adjacent laths. Therefore, the crack propagation will 

be stopped and diverged at lath boundaries, resulting in a submicron effective grain size 

and a higher resistance to the transgranular cleavage fracture.  
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Chapter IV. Martensitic Theory and Grain Refinement 

 

Chapter III focused on the experimental measures of grain refinement in high strength 

lath martensitic steel achieved through the disruption of the crystallographic alignment 

within a packet. Both K-S and N-W relationships were observed in alternating laths 

within a packet after an LQ treatment, resulting in a sub-micron effective grain size in 

terms of brittle cleavage fracture. In this chapter, we will explain why the co-existence of 

these two orientation relationships is energetically favorable and under which 

circumstances it will occur. We will also discuss whether having different orientation 

relationships between the martensite laths and the austenite matrix is a sufficient 

condition for refinement of effective grain size, and to what extent the elastic strain 

energy plays a role in the grain refinement of high strength steels. 

 

4.1 Introduction 

 

Martensitic transformation, as defined by Cohen, Olson and Clapp, [73] is considered to be 

a first-order solid-state structural change which is (a) displacive, (b) diffusionless, and (c) 

dominated in kinetics and morphology by the strain energy arising from shear-like 

displacement. During the martensitic transformation, the rearrangement of the crystal 

lattice proceeds through a cooperative movement of atoms, meaning that atomic 

neighbors are maintained before and after the diffusionless transformation. Hence, this 

transformation will generally produce a product phase that has some particular 

orientation relationship with its parent phase. On the other hand, the martensitic 
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transformation induces a lattice rearrangement, which, in turn, leads to a large amount of 

elastic strain. The accommodation of the elastic strain will determine the kinetics and 

morphology of the transformation. As a result, the martensite phase grows in a pattern 

that keeps the elastic energy at a minimum or at least a tolerable level. Since the 

discovery of “martensite” in the late 19th century, there have been two parallel 

approaches to the study of the martensitic transformation: crystallographic theory or 

linear elasticity theory. 

 

4.1.1 Bain correspondence and distortion 

In 1924, Bain first studied the crystallography of martensite and proposed a possible 

mechanism for the deformation of austenite into the martensite lattice. [74] Fig. 4-1 shows 

this model, in which a BCC lattice can be obtained from an FCC lattice by compression 

along one principle axis, e.g. [100]FCC, and a simultaneous uniform expansion along the 

two axes which are perpendicular to it. This homogenous lattice deformation is called the 

Bain Distortion and the correspondence between the lattice points in the initial and final 

lattices can be determined uniquely, known as the Bain Correspondence. One can find 

other possible lattice deformations to generate a BCC (BCT) lattice from a FCC lattice. 

However, the Bain Deformation is the most reasonable one because it involves the 

smallest relative atomic displacement and thus the lowest strain energy. Bain distortion is 

an essential ingredient of both the crystallographic theory and the linear elasticity theory. 
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Fig. 4-1 Bain correspondence in the martensitic transformation of FCC to BCC or BCT 

 

4.1.2 Shear mechanism models for the martensitic transformation 

The Bain distortion considers only the correspondence between the final and initial 

lattice; it does not give us the actual crystal orientation relationships, such as K-S and N-

W relationships, between the parent austenite and product martensite. The shear 

mechanism, on the other hand, relates them through a shear on the planes and along the 

directions involved in the orientation relationships. As shown in Fig. 4-2 (b), martensites 

with a K-S relationship are thought to be formed from an austenite parent phase by a 

shear on {111}γ planes along <110>γ directions, while those with a N-W relationship are 

considered to be generated by a shear on {111}γ planes along <112>γ directions. [69,70] In 

addition, another shear out of the {111}γ is necessary in order to maintain the correct 

stacking sequence of the close-packed planes for both BCC and FCC (Fig. 4-2 (a)). Both 

of these shear mechanisms are identical to the Bain Distortion if the rigid body rotation of 

martensite due to shear is disregarded. Therefore, both mechanisms have been considered 

as reasonable models for a long time.  
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   (a)      (b) 

Fig. 4-2 Illustrations of shear mechanisms (a) outside and (b) within close-packed planes 

in the γ → α’ transformation proposed by Kudjumov and Sachs [69] and Nishiyama [70] . 

 

4.1.3 Double shear mechanism – crystallographic phenomenological theory 

As experimental results have accumulated, the simple shear mechanisms have been found 

to be too simplistic and not consistent with all of the experimental findings. For example, 

since the martensitic transformation proceeds through a cooperative motion of atoms, the 

interface between the parent and product phases must be highly coherent. Therefore, 

during the transformation, the interface should be an unrotated and undistorted plane, 

called an invariant plane. In general, if an undistorted plane is to result from a 

homogeneous deformation (called invariant plane strain), one of the principal distortions 

must be greater than unity, one must be less than unity and the third one equal to unity. 

[75] However, it is clear that the Bain Distortion has no invariant plane. As shown in Fig. 

4-3 (a), the Bain distortion will deform a unit sphere representing the parent phase to an 

oblate spheroid representing the product phase. The vectors that initially composed the 

cones AOB and COD are now transformed to those composing the cones A’OB’ and 

C’OD’ defined by intersections of the unit sphere with the spheroid. These vectors are 

termed as unextended lines since their magnitude remains unchanged during the lattice 
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deformation. However, there exists no rigid body rotation that can rotate two unextended 

lines simultaneously back to their original positions while keeping the angle between 

them unchanged. Therefore, the Bain distortion does not results in an invariant plane. 

Since both K-S and N-W relationships are just rigid body rotations of the Bain distortion, 

they will not produce an invariant plane strain either. 

 

  

  (a)         (b) 

Fig. 4-3 Illustration of (a) Bain Distortion has no invariant plane and (b) a second shear 

can generate a lattice invariant shear. 

 

In order to overcome this difficulty, it is necessary to introduce a second shear. Thus, the 

crystallographic theory of martensitic transformation was developed in the late 50’s 

independently by Bowles and Mackenzie (B-M theory) [76] and by Wechsler, Liberman 

and Read (W-L-R theory) [77]. As shown in Fig. 4-3 (b), the whole purpose of introducing 

this additional shear is that the spheroid resulting from Bain Distortion is sheared into 

tangency with the initial unit sphere. In addition, this second shear should not bring about 

any change in crystal structure and thus is a lattice invariant shear. Therefore, the 
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martensitic transformation is essentially considered to consist of a lattice deformation or 

Bain Distortion (B), a lattice invariant shear (P) and lattice rotation (R) which is needed 

in order to rotate the invariant plane back to its original position. Generally speaking, the 

lattice invariant shear can be accomplished by either dislocation slip in dislocated laths or 

by mechanical twining in twinned plates. It has to be pointed that both crystallographic 

orientation and elastic strain are only determined by the Bain distortion (B) and the lattice 

rotation (R), since the second shear (P) does not change either the crystal orientation or 

the elastic strain.  

 

This phenomelogical crystallographic theory has been particularly successful in 

predicting the habit plane and and the volume fraction of twinned martensite in steels and 

other alloys. [78] Despite its success, the crystallographic theory does not provide the 

direct linkage of the strain energy to the transformation kinetics, nor to the morphology 

of the martensitic transformation. For example, it cannot explain why and how the 

packets or blocks are formed. 

 

4.1.4 Linear elasticity theory of martensitic transformation 

Emerging at the end of the 1970’s, linear elasticity theory provided a new approach that 

directly relates the morphology of martensite to the elastic strain energy induced during 

the transformation. Based on a solution developed by Eshelby [79, 80] and extended by 

Khachaturyan, [81, 82] this theory enables us to compute the strain energy for a particle of 

any shape and with any arbitary distribution. To study the development of microstructure 

during the martensitic transformation, a computer model has been first proposed by Wen, 
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Khachaturyan and Morris [83] using point approxiamation and later modified by Xu and 

Morris [84,85,86] using element cells. The fundamental basis of these calculations relies on 

the fact that in some solid state transformations, such as coherent precipitations and 

martensitic transformations, new phases remain coherent with the matrix. The tendency 

towards decreasing elastic energy plays an essential role in the formation of the final 

multiphase structure. However, there are some limitations in the linear elasticity theory 

since this theory starts from the Bain deformation and ignores the rotational component 

of the finite strain. 

 

In this chapter, we will try to combine both the crystallographic theory and the linear 

elasticity theory, and to investigate the orientation relationship as well as the morphology 

of the product phase during martensitic transformation. We shall first calculate the elastic 

strain of martensitic transformation for different orientation relations, and then use elastic 

theory to explain why a second shear is necessary and how it will be accomplished. 

Furthermore, we will examine the relationship between Bain variants and refinement of 

the effective grain size. Finally, we will discuss in a general framework the role that 

elastic strain energy plays during a martensitic transformation and how the orientation 

relationship and morphology of the product phase can be controlled. 
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4.2 Calculations of Elastic Strain 

 

As discussed before, since both the crystallographic orientation and elastic strain are 

determined only by the Bain distortion (B) and lattice rotation (R), we shall start our 

calculations of the elastic strain induced by martensitic transformation from the K-S and 

N-W orientation relationships. There are 24 K-S and 12 N-W possible orientation 

relationships resulting from a martensitic transformation. There are, of course, three 

<011> directions in each of the four {111} planes in FCC crystals. Hence, each close-

packed direction in a specific close-packed plane can be associated with one N-W and 

two twin-related K-S relations. Without losing generality, let us assume that the close-

packed plane is (111) and close-packed direction is [110] in austenite, and calculate the 

transformation strain matrix for both the N-W and K-S relationships as an example. 

_

 

4.2.1 Deformation and strain matrices for N-W relationship using FCC Coordinates 

The deformation matrix of the martensitic transformation will transform three non-

coplanar vectors in the initial austenite lattice into a final martensite lattice that has a 

specific crystallographic orientation relationship with the parent phase. In the case of the 

N-W relationship, the orientation relationship can be assumed to be (111)γ//(011)α’ and 

. Thus, the vectors are 
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γ//[111]α’ outside the plane in order to maintain the correct 

stacking sequence of close-packed plane(Fig. 4-4). Here we will use the lattice parameter 

of pure iron in FCC and BCC [87] and ignore the effect of alloying elements on the lattice 
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parameters. Therefore, using three FCC axes as a basis, the deformation matrix and the 

strain matrix for the N-W relationship can be obtained through the method described by 

Khachaturyan [82] 

















−−
−

−
=

792.0136.0136.0
096.0129.1009.0
096.0009.0129.1

FCCDefNW        StrainNW  (4-1)  
















−
−

−
=

196.00002.00002.0
0002.0137.00006.0
0002.00006.0137.0

FCC

 Austenite 
FCC (111) 

Martensite 
BCC (011) 

N-W 

 

 

 

 

Fig. 4-4 Illustration of crystallographic relationship between initial austenite (FCC) and 

final martensite (BCC) in an N-W related martensitic transformation. 

 

4.2.2 Deformation and strain matrices for K-S relationship using FCC Coordinates 

In the case of the K-S relationship, as shown in Fig. 4-5, the close-packed direction in 

FCC is parallel to the close-packed direction in BCC, i.e. // 
 . The other in-plane 

vector is going to be transformed to [100]

γ




 101

_

'

_

111
α






γ




 _

101
_

α’. However, both the magnitude and 

direction of the second vector will be changed during the transformation. If we assume 

the final vector [100]α’ is [uvw] in the original FCC axes, it has to satisfy three criteria: 1) 

it is still in (111)FCC plane; 2) its length now is 2.87Å; and 3) it forms a 54.7º angle with 
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4.2.3 Deformation and strain matrices using BCC Coordinates 

There are two ways to calculate the strain matrix of the martensitic transformation with 

N-W or K-S relationships in BCC coordinates. We can either use the same method 

described above to calculate it directly, or we can find the transformation matrix that will 

transform FCC to BCC coordinates and then rotate the strain matrix into BCC axes using 

linear algebra. These two methods will essentially give us the same results. 

 

Let's consider the transformation matrix in BCC axes for the N-W relationship. Within 

the FCC (111) plane, or the BCC (011) plane, we have  and . 

Out of plane, as shown in Fig. 4-4, the atoms in the third layer (marked as square) will 

have to slide about 1/6[11 ] from its original position. Thus, the original [112] vectors 

will become 1/2[112]+ 1/6[11 2 ]=2/3[111]. This discussion is based on FCC coordinates. 

In BCC coordinates, we know that the [111]
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By solving three equations and using the same method in 4.2.1, we obtain: 
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For the strain matrix of martensitic transformation with a K-S relationship in a BCC 

coordinate, by applying same method, we will have 
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which is very similar to Eqn. 4-5 for the N-W relationship in BCC coordinates. 

 

Thus, the elastic strain matrices for the K-S and N-W relationships in both FCC and BCC 

coordinates are laid out as a foundation for our further calculations and discussions. 
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4.3 Invariant Plane Strain 

 

It has been discussed before that an invariant plane strain is a necessary condition for the 

martensitic transformation because the interface between the parent and product phases 

has to be highly coherent in order for the transformation to proceed. This is, in fact, the 

primary incentive for the phenomenological crystallographic theory, such as B-M[76] and 

W-L-R[77]. In this section, we will use the elastic strain energy theory to re-examine this 

argument. 

 

When a martensitic phase transformation happens in the interior of a parent austenite 

phase, it perturbs the size, shape and elastic moduli of the transformed volume, resulting 

in an elastic strain on both the martensite and parent austenite. In our case, let us consider 

a thin martensitic plate in an infinite parent austenite matrix using the elastic coherent 

nucleus method and assume it is at the very initial stage of the martensitic transformation. 

This martensite plate has to be macroscopically small compared to the austenite matrix, 

but microscopically large in order to apply continuum elastic theory. 

 

4.3.1 Eshelby Circle for the elastic inclusion problem 

A general approach for elastic inclusion problems was suggested by J. D. Eshelby, who 

realized that it is always possible to obtain the final state of a constrained elastic inclusion 

through a sequence of operations called the Eshelby Circle. [79] Consider an elastic solid 

that is initially homogeneous and unstressed, and let an inclusion of arbitrary shape be 

introduced by the following sequence of operations:  
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1. Isolate the region within a solid that the nucleation will happen, and cut it out. This 

operation produces no change in the total energy of the system if the interfacial 

energy is ignored since the stress and strain are zero in both bodies. 

 

2. Let the cut-out volume undergo a stress-free transformation that will involve a change 

in both size and shape of the inclusion. The inclusion is now still unstressed but has a 

transformation strain ε0 with respect to the relaxed state of matrix. 

 

3. Impose a set of surface traction on the inclusion and return it to its original size and 

shape. After this step, the inclusion is unstrained since the strain is measured with 

respect to the relaxed matrix but has a transformation stress σ0 that can be calculated 

from transformation strain ε0 and elastic constant of inclusions λijkl using Hook’s Law 

σij=σij
0=-λijkl∗εkl

0  (4-7) 

 

4. Re-insert the inclusion into the matrix. Since the inclusion has been returned to its 

original shape and size, it will just fit into the hole left in the matrix. Therefore, 

neither the inclusion nor the matrix is strained. However, there is an internal stress 

field inside the inclusion. The overall stress σ(R) field can be related to the shape 

function θ(R) as σ(R)=σ0θ(R) where θ(R)=1 inside the inclusion and 0 otherwise. 
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5. Remove the surface traction on the inclusion. The internal stress within the inclusion 

can be relaxed by deforming the inclusion and matrix, which introduces a strain field 

ε(R). Hence, the associated stress field is  

σij(R)=σij
0θ(R)+λijkl∗εkl(R)   (4-8) 

where λijkl is the elastic modulus for inclusion and R is the set of points within the 

inclusion phase or in the matrix. 

 

In our case, the macroscopic strain in the infinite parent austenite matrix can be 

considered to be 0 since the volume fraction of martensite is very small and the surface of 

austenite matrix is free of traction. Thus, the internal strain relaxation can be calculated 

by the following: 

[ ] ( )RnnnR lkl
e
ikj

e
jkiij θσε 02/1)( Ω+Ω−=   (4-9) 

where the Green’s Elastic tensor Ωe can be expressed as [ ] , and n is the habit 

direction of thin plate. σ

kjijklil
e eeλ=Ω

−1

0 is the transformation stress. The final stress field is  

σij(R)=σij
0+λijkl∗εkl(R)=- λijkl∗εkl

0+λijkl∗εkl(R)=λijkl(−εkl
0+εkl) (4-10) 

within the inclusions and 0 everywhere else in the matrix. 

 

In summary, the key point in solving this problem is to find the relaxed strain field εij(R) 

in Eqn. 4-9. Since we can obtain Green’s elastic tensor from the elastic moduli and also 

know the transformation strain and stress matrix from the last section, this problem is 

solvable. 
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4.3.2 Stress and strain field calculations 

1. Green’s elastic tensor 

Using the crystallographic orientation relationships described in the previous section, we 

have (111)γ//(011)α’ for both the K-S and N-W relationships. Therefore, the habit plane is 

(011) for Martensite. In a cubic system, given λ1111=λ2222=λ3333=C11, 

λ1122=λ1133=λ2233=C12, λ1212=λ2323=λ1313=C12, the Green’s elastic tensor can be calculated 

according to Khachaturyan as following: [82]  
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For the (011) habit plane, since n1=0, n2=0.707, n3=0.707, we have: 
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1
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Thus, we have turned a fourth-rank tensor of elastic constants into a second-rank Green’s 

tensor of elastic moduli along a specific crystallographic direction. 
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For BCC iron, C11=229GPa, C12=134GPa, C44=115GPa according to Ledbetter, [34] thus 
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2. Transformation strain and stress 

The transformation strain in BCC coordinates for both the K-S and N-W relationships has 

been calculated from Eqn. 4-4 and 4-5 in the previous section as the following: 
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The transformation stress can thus be obtained according to Eqn. 4-7 or as the following  
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And the results of σij
0 for both K-S and N-W relationships are 
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3. Relaxed strain field 

The relaxed strain field is obtained by Eqn. 4-9 
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where the Green’s elastic matrix Ω and transformation stress σ0 have been calculated in 

Eqn. 4-13 and 4-15, respectively. The shape function θ(R) is 1 within the inclusion and 0 

everywhere else in the matrix. The normal direction of the habit plane n is (0, 0.707, 

0.707). Therefore, the relaxed strain fields for the K-S and N-W relationships are 
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4. Overall stress and strain in martensite 

Total elastic strain in martensite is the transformation strain minus the relaxed strain: 
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We shall rotate the strain matrix above to a new coordinate system [100], [0,1,-1] and 

[011] since [011] is the normal direction of habit plane. 
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The final stress after relaxation can be calculated from the final relaxed strain in the 

original BCC system according to Eqn. 4-9: 
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After rotating it to the in-and-out (011) plane coordinate as we did for strain, we have 
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In both cases, it is apparent that after the relaxation all strain and stress components 

outside the habit plane become zero. The strain in the through-thickness direction is even 

over-relaxed in order to compensate for the Poisson effect. However, the strain 

components within the habit plane remain unchanged, leading to a large in-plane stress 

state in both cases. This indicates that according to elastic theory, an infinite thin 

martensite plate will completely relax all elastic stress and strain in the through-thickness 

direction, but can not relax anything inside the habit plane at all.  

 

4.3.3 Necessity of invariant plane strain condition 

The results from elastic theory calculation provide us with another reason why an 

invariant plane strain condition is necessary for martensitic transformation.  

 

From the energy point of view, if the surface energy is ignored, the elastic strain energy 

will be the primary source of an energy barrier during a martensitic transformation. In 

general, the elastic energy can be calculated as following: 

E=1/2*V*σij*εij  (4-22) 
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where the σij, εij are the relaxed stress and strain in the final state calculated as in the 

previous section. For example, in the case of the K-S relationship in pure Fe, the strain 

energy barrier according to Eqn. 4-22 is about 2400 cal/mol. If compared with the 

chemical free energy driving force of martensitic transformation at 0K, which, according 

to the estimates given by Kaufman and Cohen, is only 1200 cal/mole, [88,89] then the 

elastic strain energy is too high (almost double) for the driving force to overcome. 

According to this analysis, therefore, it is almost impossible for the martensitic 

transformation to occur. 

 

This conflict may result from on the fact that the in-plane stress components within the 

habit plane have not been relaxed at all. As shown in Eqn. 4-21, the elastic stress within 

the habit plane is so large (~14GPa) that it is already approaching the ideal strength of 

iron. [28] This elastic stress is entirely due to the large unrelaxed distortion caused by the 

transformation at the interface between the martensite and austenite. Thus, in order to 

decrease the elastic strain energy, an invariant plane strain condition is necessary to 

compensate the distortions and relax the elastic strain at the interface.  

 

4.3.4 Achievement of invariant strain condition 

Since an invariant plane strain is a necessary condition for martensitic transformation to 

start and proceed, we shall discuss the mechanisms on how to achieve this condition 

during the martensitic transformation.  
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The first method to achieve an invariant plane strain condition is through dislocation slip. 

This mechanism has been observed in low alloy steel with dislocated lath martensitic 

microstructure. Using Wechsler-Liberman-Read theory, [77] it is easy to show that a 

simple shear can be adopted for the complementary strain to create an invariant plane 

strain condition. As discussed in the last section, since the elastic stress is so high that it 

approaches the ideal strength of Fe, it is reasonable to believe that some dislocations will 

be emitted or generated within the interfacial planes to compensate for the large 

unrelaxed distortion. In other words, self-energy associated with the dislocations will 

compensate for the elastic strain energy induced by the transformation.  

 

The second method to achieve an invariant plane strain condition is mechanical twining, 

which has been observed in high alloy martensitic steel with internally twinned plates. 

The twinned regions have different K-S relations, such as KS1 and KS2 whose strain 

matrix has been described in Eqn. 4-2 and 4-3, In fact, W-L-R theory was first applied to 

twinned martensite in an FCC to BCC transformation. It has been shown that an invariant 

plane can exist only when the volume ratio of twinned regions has a certain value. [77] 

 

The third circumstance under which an invariant plane strain condition will be created is 

when K-S and N-W relationships coexist in adjacent laths within the same packet (as 

observed in Chapter III). It is well known that neither K-S nor N-W alone satisfies the 

invariant plane strain condition since both are just a Bain distortion plus a rigid body 

rotation. Therefore, none of the principal distortions in either the K-S or N-W matrix are 

equal to unity. However, if both K-S and N-W relations co-exist in alternating laths of a 
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sandwich structure, according to Eqn. 4-1 and 4-2, the macroscopic shape deformation 

associated with overall phase transformation can be described as: 
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where x is the volume fraction of the K-S related martensite crystal. In order to produce 

an invariant plane strain, one of the principal distortions of the overall deformation matrix 

has to be unity. To satisfy this condition, x is solved to be 0.60 so that the eigenvalues of 

the overall deformation matrix are 1.129, 1, 0.924.  

 

From the elastic strain point of view, both the K-S and N-W relationships are nothing but 

different variants of Bain strain if we ignore the small shear components (this will be 

discussed in detail in next section). Thus, the net transformation strain of a packet 

consisting of alternating K-S and N-W relationships is: 
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where x is again the volume fraction of the K-S related martensite within the packet. 

When ( ) 6.0113333 =−= εεεx , the net strain matrix has a dyadic form [90] as: 
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000
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Although it is difficult to obtain experimentally an accurate value of the volume fraction 

of austenite x getting, a rough estimation can be obtained from the area fraction in the 

90 



 

dark field images taken in a TEM. Using this method, it is found that x is about 

60%~65%, in good agreement with the calculated value.  

 

It should be noted that this only works in the ideal case of an infinite thin plate in an 

infinite large parent matrix. In the real world, getting a dyadic transformation strain or an 

invariant plane strain at the interface will never completely eliminate the elastic strains. 

However, this is still considered the near-minimum elastic energy state when the system 

is a bulk material. 
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4.4 Crystallographic Relationship and Grain Refinement 

 

Since our ultimate goal is to refine the effective grain size, the neighboring subvolumes 

must have different orientations in order to generate large angle misorientation in 

between. In the case of high strength steel with lath martensitic microstructure, those 

subvolumes are packets, blocks or laths that have different orientation relationships with 

parent austenite. However, the question remains as to whether or not different orientation 

relationships between adjacent domains necessarily indicates two different “effective 

grains”. We shall discuss this question in detail below.  

 

4.4.1 Grouping K-S and N-W relations into three Bain variant groups 

From transformation strain matrices in Eqn. 4-1, 4-2, and 4-3, it is apparent that the shear 

mechanisms that create K-S or N-W related martensite from parent austenite are almost 

identical to the Bain distortion if the small shear components are disregarded. 

Furthermore, we can call the compression along x axis Bain variant group A, B for y and 

C for the z axis in the FCC lattice respectively. In this case, two twin-related K-S 

relationships and one N-W relationship (associated with a specific close-packed direction 

in one close-packed plane) belong to different Bain variant groups. As a consequence, we 

can also group all 24 K-S and 12 N-W relationhips into three Bain groups according to 

their elastic strain matrices during martensitic transformation as shown in Table 4-1 and 

4-2. 
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Table 4-1 Re-grouping 24 K-S orientation relations into three Bain variant groups 

O. R. Variant FCC Plane BCC Plane FCC Direction BCC Direction Bain Variant
KS-1 (111) (011) [-110] [11-1] A
KS-2 (111) (011) [-110] [-11-1] B
KS-3 (111) (011) [01-1] [-11-1] C
KS-4 (111) (011) [01-1] [11-1] B
KS-5 (111) (011) [10-1] [11-1] C
KS-6 (111) (011) [10-1] [-11-1] A
KS-7 (-111) (011) [110] [11-1] A
KS-8 (-111) (011) [110] [-11-1] B
KS-9 (-111) (011) [01-1] [-11-1] C

KS-10 (-111) (011) [01-1] [11-1] B
KS-11 (-111) (011) [-10-1] [11-1] C
KS-12 (-111) (011) [-10-1] [-11-1] A
KS-13 (1-11) (011) [110] [11-1] B
KS-14 (1-11) (011) [110] [-11-1] A
KS-15 (1-11) (011) [10-1] [-11-1] C
KS-16 (1-11) (011) [10-1] [11-1] A
KS-17 (1-11) (011) [0-1-1] [11-1] C
KS-18 (1-11) (011) [0-1-1] [-11-1] B
KS-19 (11-1) (011) [-10-1] [11-1] A
KS-20 (11-1) (011) [-10-1] [-11-1] C
KS-21 (11-1) (011) [011] [-11-1] B
KS-22 (11-1) (011) [011] [11-1] C
KS-23 (11-1) (011) [1-10] [11-1] B
KS-24 (11-1) (011) [1-10] [-11-1] A  

 

Table 4-2 Re-grouping 12 N-W orientation relations into three Bain variant groups 

O. R. Variant FCC Plane BCC Plane FCC Direction BCC Direction Bain Variant
NW-1 (111) (011) [1-10] [100] C
NW-2 (111) (011) [10-1] [100] B
NW-3 (111) (011) [0-11] [100] A
NW-4 (-111) (011) [110] [100] C
NW-5 (-111) (011) [01-1] [100] A
NW-6 (-111) (011) [101] [100] B
NW-7 (1-11) (011) [110] [100] C
NW-8 (1-11) (011) [011] [100] A
NW-9 (1-11) (011) [-101] [100] B
NW-10 (11-1) (011) [101] [100] B
NW-11 (11-1) (011) [1-10] [100] C
NW-12 (11-1) (011) [011] [100] A  
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4.4.2 Orientation relations between and within different Bain groups 

Since ferrous steel cleaves on {100} planes, it is our ultimate goal to refine the size of 

subvolumes that have a large angle misorientation between their {100} cleavage planes. 

Two different orientation relations in the adjacent subvolumes do not necessarily mean 

two different effective grains in terms of transgranular cleavage fracture. A complete 

stereographic projection of {100} pole figures for all K-S and N-W related martensite is 

shown in Fig. 4-6 on the basis of the austenite FCC lattice. Clearly the {100} pole figures 

of K-S and N-W relationships are clustered into three local regimes based on the Bain 

variant groups they are associated with. Only those from different Bain variant group will 

have a large angle misorientation in between. Within the same Bain variant group, the 

orientation relationships are related to each other by a small angle rigid body rotation. We 

shall examine this here in detail. 

 

Fig. 4-6 Stereographic projection of {100} pole figures for K-S and N-W related 

martensite in an austenite basis. Open and close marks represent K-S and N-W 

relationships respectively. Circles, squares, and triangles represent the relations from 

Bain variant group A, B, and C, respectively. [91]  
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1. Orientation relations within a Bain variant group 

As discussed previously, Bain deformation will transform the compressed principal axis 

of FCC into one of the principle axes of BCC, say [001]γ//[001]α', and transform the other 

two elongated diagonal axes that are perpendicular to the first one into the other two 

principle axes of BCC, i.e., [110]γ//[100]α' and [110]
_

γ//[010]α'. However, none of these 

correspondences will fully satisfy either the K-S or N-W orientation relationship. Thus, a 

rigid body rotation is needed. The transformation matrix can be expressed as T=R×B 

where B is the Bain correspondence and R is the rigid body rotation of θ degrees around 

the axis [uvw], and can be described in a general form [92] as: 
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   (4-26) 

 

For example, in the case of NW-3 that belongs to Bain variant group A according to 

Table 4-2, the orientation relationship is [011]
_

γ//[100]α' and (111)γ//(011)α'. After 

transformation of Bain variant A, the correspondences are [100]γ//[010]α', [011]γ//[001]α', 

[011]
_

γ//[100]α'. Thus, the first part of the relationship is satisfied while the second is not. 

As a result, a rigid body rotation that will rotate (111)γ into (011)α' is required. In 

addition, this rotation is with respect to the rotation axis [0-11]γ, or [100]α' since this 

crystal axis must remain unchanged during the rotation. In the trace of [0-11], (111)γ now 

has a 54.7° angle with (011) γ or (001) α' and 35.3° with (100) γ, or (010) α'. In order to 

make it parallel to (011) α', these two angles have to be 45°. Therefore the rotation angle 

is 54.7°-45°=9.7°. Hence the Bain and rotation matrix can be expressed as: 
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The transformation matrix is 
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3 BainARTNW
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This is indeed the NW-3 orientation relationship as it can be verified with T×{0.577, 

0.577, 0.577}={0, 0.707, 0.707}, T×{0, -0.707, 0.707}={1, 0, 0}. Therefore, all of the N-

W relations can be considered a Bain deformation plus a rotation of angle 9.7°. 

 

In the case of the K-S relationship, for example, KS-1, the orientation relationship is 

(111)γ//(011)α' and [-110]γ//[11-1]α'. After Bain deformation A, none of these two 

relations are satisfied. Therefore, we can first rotate (111)γ to (011)α' just like in the case 

of the N-W relationship, and then rotate [-110]γ to [11-1]α' with respect to the rotation 

axis of (111)γ i.e. (011)α'. The rotation angle in the second rotation is the angular 

difference between the K-S and N-W in the plane of (111)γ, which is about 5.16°, as 

shown in Fig. 4-2. Hence, the Bain deformation matrix, rigid body rotation and 

transformation matrix can be determined as: 
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This transformation matrix can be verified as T×{0.577, 0.577, 0.577}={0, 0.707, 0.707}; 

T×{-0.707, 0.707, 0}={0.577, 0.577, -0.577}, which satisfies the requirement of the KS-1 

relationship. 

 

We can also use one rigid body rotation to rotate both directions. The rotation matrix is: 

       (4-31) 
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12 RRR

This rotation corresponds to the rotation of 10.8° with respect to the rotation axis of 

[0.881, -0.362, -0.306] after the Bain Deformation.  

 

Therefore, it is apparent that within one Bain variant group, the N-W relationship is just 

9.7° and the K-S relations are 10.8° away from Bain relationship. Between the K-S and 

N-W within the same Bain group, there is only a 5.16° difference. In summary, there are 

only small angle misorientations between those orientation relationships within the same 

Bain variant group. 

 

2. Orientation relationships between different Bain variant groups 

From Fig. 4-6, it is clear that there is large angle misorientation between those 

relationships that belong to different Bain variant groups. It can also be understood more 

easily through the 2-D schematic illustration shown in Fig. 4-7. The square represents a 

2-D lattice with adjacent structure domains sharing a (11) plane. After a cubic to 

tetragonal martensitic transformation with different Bain variants, a gap is formed 

between two domains and thus a rigid body rotation is needed in order to bring them back 
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together and maintain the continuity of the lattice structure. As a consequence, a large 

angle misorientation of plane (10) is generated between the adjacent structure domains. 

This rotation would not be necessary if the adjacent domains undergo the transformation 

with the same Bain variant. Therefore, there is large angle misorientation of cleavage 

plane {100} if adjacent structure domains undergo martensitic transformations that have 

orientation relationships from different Bain variant groups. 

 

Rotation 
Different Bain 
Variant  

 

 

Fig. 4-7 Schematic illustration of formation of the large angle misorientation when the 

adjacent structure domains undergoes transformation with different Bain variants.  

 

4.4.3 Four-color theorem and grain refinement in ferrite 

As discovered in the last section, in terms of transgranular cleavage fracture, we really do 

not have all 24 K-S and 12 N-W orientation relationships, but rather three different Bain 

variants available to refine the effective grain size. Thus, the remaining question is 

whether these three Bain variants are enough to fulfill the task of grain refinement.  

 

Before we try to answer this question, let us introduce the Four-Color Theorem first. The 

Four-Color Problem dated back to 1852 when Francis Guthrie, while trying to color the 

map of counties of England, noticed that four colors sufficed. The Four-Color Theorem 

states that any map can be colored using four colors in such a way that adjacent regions 
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(i.e. those sharing at least a common boundary segment, not just a point) receive different 

colors as shown in Fig. 4-8. [93] 

 

 

 

 

 

 

Fig. 4-8 An illustration of four-color theorem using US map. 

 

Now let us imagine different Bain variant groups as different colors and try to map a 2-D 

randomly distributed pattern-- for example, several ferrite grains that are generated from 

one austenite grain. [91,94] (It has been found that ferrite grains have some specific 

orientation relationships with the parent austenite even though they are transformed 

through nucleation and grain growth). From the four-color theorem, we know it is not 

enough to map this 2-D pattern with only three Bain variants (i.e. three different colors). 

As a consequence, some grains in a 2-D random pattern will share the same Bain variant 

(have same color) with its neighbors, leading to an easy cleavage facet that can go 

through two or more grains without being diverged. In the case of a 3-D pattern, even 

more colors are needed in order to fulfill the requirement. In fact, it has been well known 

that in a ferritic steel refined through thermomechanical processing the cleavage facet 

size generally is about two or three times larger than the grain size of ferrite. [95] This 

phenomenon can be well explained by the four-color theorem and the fact that there are 
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only three Bain variants available to create large angle misorientation between adjacent 

subvolumes. Therefore, it is impossible to completely refine the grain size in a randomly 

distributed pattern, such as that obtained in ferritic steel through thermomechanical 

processing.  

 

However, things become very different in lath martensitic steel due to its special 

morphology. Individual martensitic laths have a roughly parallelepiped shape (a<b<<c), 

and are stacked together with parallel boundaries in each packet. [96] In this case, only two 

different Bain variants are needed to completely refine the effective grain size by 

alternating each lath with different Bain variants as in an “ABABAB…” stacking 

sequence. Therefore, three Bain variants are enough to achieve grain refinement in lath 

martensitic steel. 
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4.5 Elastic Theory and Thermal Mechanism of Grain Refinement 

 

In lath martensitic steel, the “effective” grain size in terms of transgranular cleavage 

fracture is the size of the subvolumes that have orientation relationships from different 

Bain groups needed in order to create a large angle misorientation of cleavage planes 

between the adjacent structure domains. Therefore, the question left to us is how to force 

the system to choose specific orientation relationships from different Bain groups in the 

adjacent subvolumes and how to refine the size of these subvolumes.  

 

Linear elasticity theory shows that whether a system will choose one single orientation 

relationship or multiple variants over a certain range depends upon both the constraint 

and deformation condition. When the transformation solid is unstrained, the elastic strain 

induced by a transformation can be relaxed and the transformation proceeds through the 

growth of a single-variant plate in order to minimize the surface energy. On the other 

hand, if the transformation is constrained by its surroundings, the elastic strain can be 

relaxed, at least partially, by forming other variants from different Bain groups that can 

compensate the strain with each other. Xu and Morris found similar results using 

computer simulations. [84,85] Therefore, a system will at least want to choose orientation 

relationships from different Bain variant groups in the adjacent subvolumes if geometric 

constraints to martensitic transformation are present. In a real crystal, the transformation 

is constrained by the stable matrix phase, grain boundaries, or some internal defects that 

limit the growth of a single plate, and by the growth of the plates that nucleate separately 

and interfere with one another.  
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We shall discuss three cases of constraints from large to small scale and the thermal 

mechanisms of grain refinement associated with them. 

 

4.5.1 Constrained by grain boundary 

In a homogeneous, defect-free polycrystal of austenite, grain boundaries will be the major 

constraint for martensitic transformation. In general, prior austenite grains will be 

subdivided into three or more packets, which usually have orientation relationships from 

different Bain variant groups in order to compensate for the elastic strain with one 

another (Fig. 4-9 (a)). It has been well known that if there are orientation relationships 

from all three Bain groups with relatively the same volume fraction, all of the shear strain 

will be cancelled out, leading to a transformation with no shape change but only 

dilatation. Within each packet, however, the whole prior austenite grain is constrained by 

its neighbors while the packets are not since their shape changes have already been 

compensated for by the adjacent packets in the same grain. Hence, once a variant 

nucleates, it will start to grow as it does in an unconstrained matrix. Then the second lath 

with the same variant will nucleate on the interface of the first lath in order to minimize 

the surface energy so that the single variant martensitic transformation can proceed until 

the whole packet is filled by those crystallographically well-aligned laths. This 

microstructure has been observed when alloys are quenched from high temperature since 

the dislocations have been annealed out and the alloy composition has been 

homogenized, such as quenching after a reverse austenization (Q) treatment or 

normalization (N) treatment.  
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When the major constraint is the prior austenite grain boundaries, the proper approach to 

refine the effective grain size, or in this case, the packet size, is to decrease the austenite 

grain size. The thermal treatment to accomplish this is austenite reversion, followed by a 

quenching to re-transform to martensite before the austenite can grow to an appreciable 

size. This is referred to as a “quench” or “Q” treatment, which is generally included in the 

processing of lath martensite steels. [50]  

 

4.5.2 Constrained by separately nucleated structure domains 

When there are defects present, such as dislocations, they will usually promote the 

nucleation of a martensitic transformation by relaxing the elastic strain in one way or 

another. Therefore, if more heterogeneous nucleation sites are introduced, it is possible to 

nucleate martensite laths at different locations within the same packet. These laths will 

grow and thicken as in an unconstrained matrix until they interfere with one another. As a 

result, a block-like microstructure will result when austenite is quenched with a high 

dislocation density as shown in Fig. 4-9 (b). The effective grain size in this case is equal 

to the size of the blocks, which is determined by the amount of nucleation sites.  

 

There are two key issues when the constraint for martensitic transformation is the 

separately nucleated blocks. First, we need to introduce a high dislocation density, i.e., 

the austenite has to be heavily deformed. Secondly, the dislocations should still remain 

after heating to the reverse austenite temperature. The thermal treatment to accomplish 

this is a "spark" Q heat treatment [97] or a "step" Q treatment. [98] A "spark" Q treatment 
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involves heating the alloy to the reverse austenite temperature for a very short period so 

that recrystallization has no time to occur. A "step" Q treatment involves heating the 

alloy at a temperature window above the reverse austenite temperature but below the 

recrystallization point to maintain the dislocation density. Both methods have been used 

for Ni-steel in our research group. 

 

4.5.3 Constrained by stable matrix 

When there is a chemical inhomogeneity in the austenite matrix, different alloy element 

contents in the local structure domains will lead to different Ms temperatures. During 

quenching, martensitic transformation will proceed in the solute-lean constituent first. 

However, this transformation will soon be stopped once the frontiers of transformation 

meet the adjacent solute-rich subvolumes, where the chemical driving force is too small 

(because of the lower Ms temperature) to overcome the increasing resistance from the 

transformation strain energy. Once the temperature drops further, the martensitic 

transformation will resume in the solute-rich part. Having been heavily deformed by the 

previous transformation, and constrained by the surrounding martensite, the solute-rich 

austenite will pick up the orientation relationship from another Bain variant group to 

compensate for the overall elastic strain during the transformation (Fig. 4-9 (c)). As a 

consequence, the effective grain size is the size of the subvolumes that have different 

alloy composition with the adjacent ones.  

 

The thermal treatment associated with this is an “LQ” treatment, or a combination of 

intercritical annealing followed by an austenite reversion treatment that has been 
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performed in AerMet 100 as discussed in Chapter III. An intercritical annealing will form 

a lamellar structure with solute (Ni, C)-rich fresh martensite and solute-lean tempered 

martensite in the alternating laths within the same packet. When heating to the austenite 

field during Q treatment, both constituents of the L-treated steel revert to austenite. If it is 

held in the γ-region for some time after reversion, the carbon atoms may redistribute, but 

the compositional inhomogeneity of solute Ni will be preserved due to the low diffusivity 

of the substitutional species in the close-packed FCC γ phase. During the subsequent 

cooling, the dual-phase alloy undergoes a two-step martensitic transformation as 

described before. As a result, orientation relationships from different Bain variant groups 

will appear in the alternating laths, causing a large angle misorientation between adjacent 

laths. Therefore, the effective grain size is the size of the individual lath, which is in the 

range of submicron.  

M AM 

M M A 

 Separately nucleated laths 

Packets 

Prior Austenite Grain 

 

 

 

 Untransformed austenite  

        (a)     (b)       (c) 

Fig. 4-9 Illustration of the effective grain size: (a) the packet size when constrained by 

prior austenite grain boundaries, (b) the block size when constrained by separately 

nucleated lath and (c) the individual laths when constrained by an untransformed matrix. 
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It has to be pointed out that having a geometric constraint is only a necessary but not a 

sufficient condition for appearance of a multiple variant microstructure. When geometric 

constraint prevents the relaxation of elastic strain, the system can still relax through one 

of the two methods: either relax the strain plastically by deforming the matrix and 

generating a series of dislocations or relax it elastically by forming a multiple-variant 

microstructure in the adjacent subvolumes. The system will do whichever is more 

energetically favorable. In general, the former has been widely observed in dislocated 

martensitic steels. However, under some circumstances, the latter will be chosen if 

generating dislocations to relax the strain is too difficult. For example, in the case of a LQ 

treatment, the austenite has already been heavily deformed after the first step martensitic 

transformation. It will be very difficult to create more dislocations in an already work-

hardened matrix. This is especially true for austenite due to its very high work hardening 

coefficient. Thus, the system has to relax strain through the elastic method, i.e., choose 

multiple orientation relationships from different Bain groups. In summary, both 

appropriate deformation and constraint conditions are necessary for the appearance of 

multi-variant microstructure. 
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4.6 Revisiting the Meaning of Effective Grain Size and Grain Refinement 

 

All discussions in this chapter are referring to the effective grain size in terms of 

transgranular cleavage fracture. Therefore, the key issue is to disrupt the coherent length 

of crystallographically-preferred cleavage planes {100}. However, under some other 

circumstances, the effective grain size may have a different meaning. For example, if we 

have a hydrogen-assisted fracture, the prevalent fracture surface is the {110} planes due 

to the decohesion of lath boundaries. [99] Therefore, the effective grain size for hydrogen 

embrittlement is the size of the structure domains that share the same lath boundary plane 

{110}, rather than the {100} planes. These two measures of grain size are not necessarily 

the same, and do not necessarily respond in the same way when the steel is processed. 

[49,99] Moreover, {110} planes are also the preferred planes for dislocation glide. Hence, 

the effective grain size in terms of plastic deformation or yielding strength is the coherent 

length along these planes. The thermal treatment that can refine the effective grain size of 

cleavage fracture may not necessarily refine the effective grain size for strength. In fact, 

if we choose two orientation relationships from different Bain variant groups, although 

there are large angle misorientations between their {100} planes as shown in Fig. 4-8, 

there are not large angle misorientations between their {110} planes. As shown in Fig. 4-

10, there generally are only slight misorientations among {110} planes for any 

orientation relationship, no matter which Bain groups they belong to. As a consequence, 

the thermal mechanisms discussed before that will refine the effective grain size for 

cleavage fracture by introducing orientation relationship from different Bain groups will 
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have very little effect on the effective grain size in terms of yield strength and hydrogen 

embrittlement.  

 

Fig. 4-10 Stereographic projection of {110} pole figures for K-S and N-W related 

martensite in an austenite basis. All solid labels represent N-W relationships while open 

ones represent K-S relationships. The squares, circles, and triangles represent the 

relationships belonging to Bain variant group A, B and C, respectively. [91]  
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4.7 Conclusions 

 

The transformation strains associated with K-S and N-W orientation relationships have 

been calculated. Based on these calculations, the following conclusions have been drawn: 

 

1. Introducing an invariant plane strain condition is a necessary requirement considering 

the elastic stress and energy induced during the martensitic transformation. There are 

three ways to accomplish this. Besides dislocation slip and mechanical twining which 

were discovered before, the coexistence of K-S and N-W relationships can also 

accomplish this condition. 

 

2. Twenty-four K-S orientation relationships and twelve N-W relationships can be 

divided into three Bain variant groups based on the crystallographic theory and elastic 

strain calculations. Only those relationships from different Bain groups will create 

large angle misorientation between adjacent subvolumes leading to refinement of the 

effective grain size. Those from the same Bain group will relate to each other through 

a small angle rigid body rotation. 

 

3. If the geometric constraint prevents the relaxation of elastic strain induced by 

transformation, relations from different Bain variant groups will be chosen in the 

adjacent structure domains in order to compensate for the induced strains. Therefore, 

introducing constraints to martensitic transformation on different levels through 

corresponding thermal treatments is an effective way to refine the effective grain size 
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of lath martensitic steel. Different constraints will produce different effective grain 

sizes, such as packets, blocks, and individual laths. 

 

4. Different mechanisms may have different meanings for the effective grain size. As a 

consequence, the thermal mechanism that will refine the effective grain size for 

cleavage fracture may have very little effect on refining the effective grain size for 

strength or hydrogen embrittlement.  
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<Appendix> 

Transformation of Interlath Austenite during Transgranular 

Fracture in Lath Martensitic Steel 

 

It is generally accepted that thermally stable interlath austenite can be beneficial to the 

toughness of lath martensitic steel at cryogenic temperatures. [100] A series of thermal 

treatments have been developed accordingly on Ni-based ferritic steel for cryogenic 

service. For example, after intercritical tempering (L) for about 1hr at 600°C, 9Ni steel 

exhibits a remarkable suppression of its ductile-to-brittle transition temperature (DBTT) 

for more than 100°C by precipitating austenite along lath boundaries with a dense 

distribution. Although this method has been widely used with commercial success for 

many years, the fundamental reason for its effectiveness remains an important and 

sometimes controversial topic of research. Early ideas that the soft austenite phase served 

to blunt a propagating brittle crack have been ruled out by the observation that all 

austenite transforms to martensite in front of a crack tip. [51,52] It has also been suggested 

that the austenite serves as an “interstitial scavenger” and hereby promotes a cleaner and 

more ductile martensite. However, such theory requires large amounts of transforming 

austenite, which is generally not observed in an L-treated 9Ni steel. [56]  

 

A transmission electron microscopy (TEM) study of Ni steel by Morris, et al. has showed 

that thermally stable interlath austenite will transform to those crystallographic variants 

that are different from the common orientation relationship in the neighboring laths. [53] 

As shown in Fig. A-1, the orientation relationship of fresh martensite transformed under 
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mechanical load from precipitated austenite is in fact the N-W relationship while the 

surrounding lath in the same packet has a K-S relationship with the parent austenite. This 

suggests that these variants are most compatible with the applied stress since the 

transformation is under mechanical loading. Thus, co-operative crack propagation along 

common cleavage planes in a packet of aligned martensite laths is disturbed by 

introducing these new variants of martensite. As a result, this impairment promotes more 

ductile-dimple fracture and displays better cryogenic toughness. In this appendix, based 

on linear elasticity theory, we will discuss why this is more favorable energetically than 

growing with the same variant as its surrounding laths. 

 

As shown in the diffraction pattern in Fig. A-1, tempered martensite and fresh martensite 

transformed under mechanical loading have K-S and N-W relationships with the retained 

interlath austenite, specifically an orientation relationship of as (111)γ//(011)α'
K-S//(011)α'

N 

and . Therefore, the lath boundary is a close-packed plane in both 

FCC and BCC. Because of the special morphology of martensite lath (Length >> Width 

>> Thickness), a propagating transgranular crack will pick the cleavage plane (001) or 

(010) to approach the lath boundary (011) plane in order to avoid the length direction and 

minimize the surface energy. Without losing generality, we can further assume that the 

cleavage plane is (001) and that the crack propagates along [010] direction. 

NSK

'

_

'

__
001//111//101

ααγ


















−
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  (a)       (b) 

  

         (c) 

Fig. A-1 TEM micrographs of a 9Ni steel after mechanical loading: (a) bright field, (b) 

dark field of mechanically transformed martensite and (c) dark field of the retained 

austenite which still remains. [50]  

 

As shown in Fig. A-2, if we ignore the thickness of the interlath austenite, which usually 

is very thin, the distance between the austenite and the crack tip can be expressed as  

)4/cos(0 θπ −= rr     (A-1) 

where r0 is the closest distance at 45°. The stress state ahead of the crack tip can be 

assumed as a plane strain condition since the width of the lath is much larger than 

thickness. According to linear elastic fracture mechanics, the stress field ahead of crack 

tip can be described as: [7]  
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Fig. A-2 Schematic illustrations of retained austenite ahead of crack propagating along 

[001] cleavage plane of its nearby martensite. 

  

Therefore the stress field in the martensite BCC coordinate can be written by substituting 

Eqn. A-1 into the stress field of Eqn. 2a-2c as following 
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This stress state can be transformed into the FCC coordinates of austenite since the 

martensite is related with it through a K-S relationship. The transformation between two 
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coordinate systems can be obtained if the expressions of three non-coplanar vectors in 

both coordinates are known. In this case, V1 = 0.577[1,1,1]F = 0.707[0,1,1]B; V2 = 0.707[-

1,1,0]F = 0.577[-1,-1,1]B; V3 = 0.621[-0.120,1.192,-1.072]F = [-1,0,0]B as obtained in 

previous chapter. Thus, 
















−

−
=
































=

−

−
→

741.0075.0668.0
650.0167.0742.0
166.0983.0074.0

'''
'''
'''

333231

232221

131211
1

333231

232221

131211

VVV
VVV
VVV

VVV
VVV
VVV

R SK
FB   (A-4) 

Therefore, the stress field in FCC coordinates of austenite is: 

T
FBBFBF RR →→ ••= σσ    (A-5) 

 

After knowing the stress field ahead of an approaching crack, what we want to 

investigate next is which variant the retained austenite will choose when it transforms to 

martensite under this external stress field. Since this is a transformation under external 

loading, the Gibbs free energy will be the criterion in thermodynamics to judge whether it 

picks up the same variant as its neighboring lath or a different one, for example, N-W 

relationship as shown in Fig. A-1. Hence, we have: 

∑−=⊗−=
ji

ijijVGVGG
,

00 εσεσ    (A-6) 

where G0 is the energy difference between austenite and martensite phase, V is the 

volume of retained austenite under transformation, σ is the external stress filed and ε is 

the elastic strain induced by transformation, which, for both K-S and N-W relationships, 

have been calculated in Chapter IV as shown below.  
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Therefore, the elastic energy term (-Vσε) is plotted as a function of θ from 0 to π/2 for 

both K-S and N-W related transformation as shown in Fig. A-3, indicating that at all 

locations (of the θ range), interlath retained austenite will transform to N-W related 

martensite with much lower elastic energy and thus the total Gibbs free energy is less 

than that found when transforming to the same K-S variant as its neighboring laths.  

0.25 0.5 0.75 1 1.25 1.5
q

-0.06

-0.04

-0.02

0.02

0.04

Elastic Energy

 

K-S 

N 

Fig. A-3 Elastic energy of transformation under external stress field vs. θ angle, showing 

that at every location the retained austenite will transform to N-W related martensite 

rather than continuing the same K-S variant as its adjacent lath. 

 

The crystallographic reason for this is actually very simple. No matter whether the crack 

is approaching along the (001) or the (010) cleavage plane, the two normal directions will 

always have a large tensile stress serving to open the crack according to linear elastic 

fracture mechanics. However, in the K-S related martensite lath, these two directions are 

in fact one in compression and one in tension, according to the Bain deformation in 

martensitic transformation (see Chapter IV). Therefore, if the retained austenite 

transforms to the same variant as its neighbor, it is energetically not favorable since one 

of these two directions has to be compressed although both are under high tensile stress. 
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Therefore, the system would rather pick up another variant, in fact, a relationship from 

another Bain variant group in order to lower the elastic strain energy. In this case, it is a 

N-W relationship that shares the same close-packed plane and close-packed direction of 

FCC as its adjacent K-S related martensite lath. In some other cases, twin-related K-S 

relationships have also been observed. [50] Therefore, this is not an issue of K-S or N-W 

relationships, but of Bain deformation. When a crack is propagating in a martensite lath, 

the retained austenite ahead of the crack tip will not continue the same variant in the 

nearby lath, nor those variants from the same Bain group. Instead, it will choose an 

orientation relationship from different Bain variant groups that can lower the total strain 

energy under the external stress field ahead of the crack tip. 

 

In summary, the retained austenite along the lath boundaries ahead of a propagating crack 

will always transform to martensite with an orientation relationship from a different Bain 

variant group than that of its neighboring lath because of the external stress field in front 

of the crack tip. Thus, the common cleavage plane within a given packet will be disrupted 

by a different variant. Therefore, it will promote a more ductile-dimple fracture and 

demonstrate a better cryogenic toughness. 
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